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Abstract

The paper derives two analytical consequences of informaddie: Equity leads to under-financing,
while debt leads to over-financing. We show that our modelecguain key qualitative and quantitative
features of informed venture capital finance in the Uniteatet Using only four model parameters
we match: (1) the venture capitalist’s equity share; (2)ubeture capitalist’'s expected return and (3)
its standard deviation; (4) the probability that a projesteives funding; and (5) the probability the
venture capitalist loses money on an investment. Our etgiinaarameters reveal the average quality
of an unfunded project; the percentage of uncertainty vesioby the venture capitalists investigation;
the percentage of total surplus accruing to the ventureaegtj and the magnitude of underfinancing
associated with venture capital finance.
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1 Introduction

Our paper derives the simple analytical consequences of two well-ebtabliacts about venture capital
finance. First, venture capitalists are better judges than entreprefi@upsaject’'s economic viability (see
Garmaise [13], and references theréir§econd, startup projects require significant entrepreneurial capit
from founders and key personnel. This entrepreneurial capitaldeslthe “market value” of patents and
product ideas, personal capital, under-compensated and extéinsg&vaputs (sweat equity), reputation,

connections and expertise.

We derive the qualitative and quantitative implications of these two facts. \atesfippose that the
financier is a venture capitalist who provides capital in exchange foguaityeshare of the project. We show
that venture-capital finance leads to under-financing. That is, aneecdipitalist who is compensated with
equity fails to fund some projects that he expects to have a positive NP¥, élproject has a positive NPV
if, post-investigation, project payoffs are expected to cover the tppioy cost of the capital investment

plus the entrepreneurial capital.

This raises the question: If equity leads to under-financing, why nadeiseinstead? We show that debt
may be unattractive for the opposite reason: debt can lead to ovecifigarThat is, an informed lender
may have the incentive to fund some projects whose payoffs he expectoowall his opportunity cost of
capital, but will not fully compensate the entrepreneur and key perséomtheir inputs. Further, if the

projects are too risky, debt finance may result in infeasibly high interestiafault rates.

We then show that these simple analytics explain the key qualittisguantitative features of venture
capital finance in the United States. We also offer insights into why the prdfedtseceive venture capital

finance would not be candidates for debt finance.

In our model, an entrepreneur has a project that requires extepitdlcdhe entrepreneur understands
that an informed financier serves two key roles. First, the financieiiges\the required capital. Second,
the financier investigates and filters entrepreneurial profeésliowing an investigation, a financier will
fund projects that seem promising and discard those whose prospectgpser. Entrepreneurs recognize
that while they may have potentially valuable inventions, they may not be gogdguaf implementability
or market value. This reflects that in practice, most entrepreneurssoeiated with only a few projects. In
contrast, venture capitalists have extensive industry experience. éltegme specialized knowledge per-

mits venture capitalists to distinguish winners from losers (Fenn, Liang awasB{11]): venture capitalists

Iventure capitalists also identify appropriate marketing strategies and keyrme! (Byers [6], Bygrave and Timmons [7],
Gorman and Sahlman [14], Helmann and Puri [16], and SapienZpa [23

2Kaplan and Stromberg [17] document empirically the significant time &#iott spent by venture capitalists to evaluate and
screen investment opportunities.



scrutinize serious projects intensively (Fried and Hisrich [12], GarnjaBje Kaplan and Stromberg [17]),

and reject about 90 percent of those that they investigate seriously.

Consider what happens if equity finance is pursued. At a minimum, for @neenapitalist to provide
funding, his share of the project’s expected payoff conditional on kisstigation must cover his opportu-
nity cost of capital. The entrepreneur understands this when negotiatiqgdbpective equity terms. As a
result, to increase his chances of funding, the entrepreneur willinglyscaa equity share that generates a
significant excess return for the venture capitalist. That is, the equitg sthare than covers the opportunity

cost of the venture capitalist’s investments plus his investigation costs.

To understand the source of under-financing, recognize that areer#pitalist expects the payoffs from
the marginal funded project to just cover his opportunity cost of capighoring investigation costs, a
venture capitalist therefore expects to make money on all better projeatsestigation costs are not too
high and the proposed equity terms do not give the venture capitalist asseseturn, then it necessarily
follows that the marginal project funded must be close to the median projededl. The marginal project
must therefore be very good, implying that many positive NPV projects ¢ended. Recognizing this,
entrepreneurs negotiate equity terms that trade off between raising thetbpity of getting funded against

ceding too much on very good projects.

To investigate the quantitative implications, we then estimate our model paraniéterdata pin down
five endogenous variables of the model: the venture capitalist's equity §42#0); the venture capitalist’'s
expected excess return (28%) and its standard deviation (120%); dbaljlity that a project receives
funding (10%); and the probability the venture capitalist loses money onvastment (41%). There are
four exogenous variables for which reliable data are not available hdre &f inputs that is entrepreneurial
capital, the mean and variance of the ex-ante project payoff and thefra¢ uncertainty resolved through
a venture capitalist’s investigation. We estimate these four parameters by minithigidigference between
the predicted and empirical values of the exogenous parameters. Qustonated exogenous parameters
do an astonishingly good job of matching the five endogenous variablesf e predicted values differ

by less than one percent from their empirical counterparts. To emphbsinature of the fit:

o Note that it is typically impossible to match five moments closely with only four parameter

e We show that the model and its predictions are robust. We are carefutooiracfor the fact that
the empirical moments that we seek to match, are themselves noisy estimates. Wae&i5%
confidence intervals for each primitive parameter, and show that theseaistare tight compared to

the error that we allow for in the empirical moments.

e Conversely, we show that the model would fit far less well if the empiricalesawere very different.



e We document that our estimates of the primitive parameters of venture capitadd make significant

economic sense.

Perhaps even more important than the direct fact that our theoretical obdstly explains the empir-
ical characteristics of venture capital finance so well, is the implication thaiaweaise our model to back
out predictions for features of venture capital projects that would wikerbe impossible to obtain. For
example, we quantify the under-financing associated with venture capitgdrimitive parameter estimates
imply that only 40% of all projects with positive expected NPVs following a ventapitalist’s are funded.
We find that while 57% of all projects have negative NPVs, the venturgatiaps filtering reduces this
number to 36% for funded projects. By eliminating likely losers, a venturéaiegh's investigation dra-
matically raises the expected project return freth7% to 64%, even though the standard deviation of the
project’s payoff is almost unaffected. One can also use our estimates suraeehe percentage of ex-ante
project surplus (i.e., accounting for the costs of investigating both fuadddunfunded projects) that ac-
crues to the venture capitalist. For reasonable investigation costs, theevesypitalist’'s share of the surplus

is about 20%, which, because it is pure rent, is quite a large number.

Finally, our model can reconcile why projects receiving venture capitahfie are not good candidates
for debt finance. If debt were used instead of equity, the investofdamat receive the upside gains when
the project is very successful, but the investor would incur downsigesoshen the project fails. We find
that just to break even, a lender would have to charge unreasonablytegest rates that exceed 80 percent,
and face default probabilities that exceed 35 percent. Even ignoribgraltruptcy costs, given institutional

constraints on standard lenders, debt finance is infeasible for sugtprigects.

1.1 Related Literature

There is an enormous literature that documents the apparently excessivis that venture capitalists make
(see, e.g., Cochrane [9] or Ljunggvist and Richardson [19]). Teemted wisdom is that these returns are
hard to reconcile theoretically in a setting where venture capitalists do nethawopoly power. Ljungqvist
and Richardson [19] suggest that this excess return is a premium fillighiglity of the investment. Here,
we show that even though an entreprermauld negotiate competitive equity terms that just cover the ven:
ture capitalist’s opportunity cost of capital plus investigation costs, it is opfionghe entrepreneur to give

the venture capitalist such a large equity share that we match the empiricaélyveld excess return.

Other models of entrepreneurial finance in which a venture capitalistex@nie better informed than
the entrepreneur include Biais and Perotti [5], Ambec and Poitevin [ZJayi24], Bernhardt and Krasa [4]
and Garmaise [13]). In the first three papers, the venture capitalistbattar assess and implement a

project, but the entrepreneur has to worry about stealing/free-ridingiidea/information. In contrast,
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in Bernhardt and Krasa, it is the informed financier (the expert) who me@med about free-riding by

uninformed potential investors.

There is also a large theoretical literature that introduces incomplete asmaratmoral hazard of var-
ious forms to explain the choice of control right assignments and the diwsioash flows. Representative
papers include Aghion and Bolton [1], Dewatripont and Tirole [10], tHard Moore [15], Repullo and
Suarez [22], Bergemann and Hege [3], and Winton and Yerramilli [Z&]r paper shares the feature that
the interests of the entrepreneur may not be aligned with the financieris, dontrast to this literature, we
do not introduce moral hazard, and control rights play no role. A pmhiéth introducing moral hazard
to a quantitative model is that it can neither be measured nor estimated readilyerfmore, introducing
additional parameters generates identification problems for determiningithiéve parameters of venture
capital finance. The purpose of this paper is to deriveqimitative and quantitativeeffects of informed
debt and equity finance, the contracts that closely mirror those usedditicptaAccordingly, we develop a
sparsely-specified model with minimal free parameters and focus on phtedd equity contracts, rather
than specifying all primitive frictions and characterizing the fine details obfiténal contracé. The fact
that our empirical analysis indicates that linear equity contracts explain theveédl suggests that the non-

linearities in real world contracts are only of secondary importance.

2 The Model

Consider a potential entrepreneur with a project. The project requitgsts of entrepreneurial capital and
1 — w units of external finance to generate outut Y, whereX andY are independent random variables.
Without loss of generality, we normali2é to have mean zero. We denote realizationsXaindY by x
andy, respectively. We assume thAtis distributed according to the densifyx) andY is distributed
according to the density(y). The associated cdfs aFgx) andG(y). We assume that both(x) andg(y)
are strictly positive on their (possibly unbounded) supports. At a dosto 0, a financier can investigate
the project and learn the realizatiarof X, thereby reducing the uncertainty about the project’s payoff tc
X + Y. We assume that there are realizatiapngandx, with f(x;), f(X2) > O such thatk; > 1 +r; > Xo,
wherer; is the risk-adjusted required expected rate of return for the ventuitalsts funds. This condition
ensures that post-investigation some, but not all, projects have posRVe.N his is a necessary condition
for investigation to have value. The opportunity cost to the financier oktimg(1 — w) in the project is
A4+l —w).

3In our simple model, an optimal contract would be a franchise contrashioh the financier pays the entrepreneur a fixed
wage and is a residual claimant. This contract does not work in pra@@aibe it does not provide the entrepreneur the incentives
to behave responsibly.



If the project is not funded, the entrepreneur receives a paydfitbanormalize to zero. If the project
is funded, the entrepreneur incurs an opportunity cost ef r;)w for providing entrepreneurial capitllf
the entrepreneur pursues his project then he can finance it with eithteordequity. With debt finance, the
entrepreneur proposes the interest ragnd with equity finance, the entrepreneur proposes the equity sha
k that the financier would receive. If a debt contract with interestrrédaised, the financier is a lender who
receives mifix + vy, (1+r)(1— w)}, while the entrepreneur receives- y —min{x + vy, (1+r)(1— w)}. If,
instead, an equity contract with sharés used, the financier is a venture capitalist who receigst y),

while the entrepreneur receiv€s— K) (X + Y).

Ifinformed finance is pursued, the terms must provide the financier ameyayoff of at leadi > 0 net
of information acquisition costs. We introdug¢o capture the possibility that the financier has some marke
power and can extract rents. When= 0, financial markets are perfectly competitive—the entrepreneu
can play off potential investors against each other—in which case onlfynidugcier's opportunity cost of

capital and investigation costs need be covered.

If the project is financed then these proposed terms or “term sheetstmile¢ethe funding conditions.
This assumption captures standard industry practice (see Kaplan anth8tgo[17]). The term sheet is a
summary of the terms and conditions that will apply if the venture capitalist aineljpganeur consummate
their agreement. Obviously, funding is contingent on a positive projedtiation by the venture capitalist

following his thorough investigation.
Timing of Decisions.
t=1 If the entrepreneur seeks finance then he proposes either a delctorith interest rate or an equity
contract with sharé.

t=2 If finance is sought, the financier decides whether or not to investigafedjexct.

t=3 If the financier investigates the projecttat= 2, at the cost he learns the realizatiox of X. The

financier then decides whether to accept or reject the funding termegedy the entrepreneur.

t=4 If the project is funded, payoffs are realized and payments madediagdp the contract set at date
one. If the project is not funded following an investigation, the entregargs payoff is zero, and the

financier’s payoff is—c.

4For simplicity, we assume that the entrepreneur and financier shanemamw discount factor. Qualitatively, none of our
findings depend on this assumption.



3 Equity Finance

Suppose that the entrepreneur proposes equity terms that make it witgtfarhihe venture capitalist to
investigate. Then, given a proposed sharihe venture capitalist extends finance if and only if his expecte

payoff after learning« exceeds his opportunity cost of providing funds, i.e.,
ElkX+Y)] = @Q+r)(1—w).

Thus, funding is extended if and onIyif> xg, where

‘e — (1+ri>k<1—w)_ M
The entrepreneur understands that the sk offers the venture capitalist affests, and hence the set of
projects that the venture capitalist would fund. The entrepreneur atlerstands that the venture capitalist
only investigates if it is in the venture capitalist's interest to do so. Thergefbthe entrepreneur seeks

venture capital finance, the proposed equity share solves the followtirgization problem.

Problem 1

max P((X = xe))(EIL~ (X +Y)IX = xel — w(l+1).

subject to
P{X > XxeDEK(X+Y) = Q+r)A—w)|[X >Xg] —Cc>0; (2

PUX = xeDEK(X+Y) = QA +r)A-w)X =xgl —¢c= E[K(X+Y) = 1+r)A-w)]l. (3)

The objective is the entrepreneur’s ex-ante expected payoff froivea gharek. Funding is offered with
probability P({X > xg}), andE[(1—K)(X+Y)|X > xg] — w(1+rTr;) is the entrepreneur’s expected payoff
from a funded project. Constraint (2) says that the venture capitalegtisyesharek must provide him a net
expected payoff of at least Constraint (3) says that it is in the venture capitalist’s interest to investigal
the project: the left-hand-side is his payoff from investigating, while thet+tigimd-side is his payoff from

funding a project without an investigation.

We now show that under innocuous conditions, equity finance givesaisader-financing. That is,
the venture capitalist will not fund some projects that have a positive magpeel value. To increase
the chance of funding, the entrepreneur willingly proposes to give thieikecapitalist an equity share that

generates a strictly positive return in excess of the venture capitalistisedqeturn.

Proposition 1 If c andG are not too large then constraints (2) and (3) of Problem 1 do not birdithere

is under-financing i.e., x> 1+r;.



The proof details the precise boundsmandc + G for the constraints to be slack, so that the venture capi
talist's ex-ante expected profit strictly exceed®ecause the entrepreneur proposes the contract terms, o
might expect that the entrepreneur would select a share that givesrihee capitalist only the minimum
required returnfi. Proposition 1 shows that this is not the case. To understand why,nigedfpat from
the point of view of the venture capitalist, the equity contract is a call option stitke pricexg that he
buys at a price equal to his investigation castThis is because the venture capitalist provides funding if
and only ifx > xg. The payoff of the option is always strictly positive.dfandu are small, then for the
venture capitalist not to receive a profit in excessipthe strike pricexe must be close to the maximal
project realization, which means that the option is almost never exercisgiteRhan have a tiny chance of
funding, the entrepreneur willingly cedes a larger share to the ventpitalist, raisingk above the venture
capitalist's break-even point. This lowers the strike prigewhich increases the entrepreneur’s probability
of being funded. However, increasikalso transfers more surplus to the venture capitalist, particularly fo

outstanding projects. The optimal share trades off between these twrsfacto

To understand why under-investment occurs, note that it is sociallyesiffito fund any project with an
expected return of at leagt + r;). But as long as the constraints do not bind, the entrepreneur never giv
up all of the surplus so that his return strictly exceed& + r;i). The financier only funds a project if he
expects a payoff that covers the opportunity cost of his fudds w)(1 + r;). Adding, it follows that the

expected payoff on the marginal project strictly exce@dsr;), which implies that there is under-financing.

Indeed, under-financing typically resuktsenif c + 0 is large enough that the constraints bind. In
particular, the financier breaks even on the marginal project grosssté@; while the minimum-payment
constraint 2 that determinésreflects an average over all projects better than the marginal projectngs lo
asc + U is not inordinately large, the entrepreneur’s equity shareklexceeds the entrepreneurial capital
investmentv. As a result, the marginal project has a strictly positive NPV. Our empiriciyais will reveal

that for relevant parameterizations both constraints of Problem 1 ake slac

4 Debt Finance

Now suppose that the entrepreneur proposes debt finance terms #witmarthwhile for a lender to
investigate the project. As with informed equity, the lender offers funditey &arning realization if and
only if he expects to cover his opportunity cost of funds+ri) (1 — w). Formally, a lender extends funding

if and only if x > xp, wherexp solves
Elmin{xp +Y,1+nNA-w)}l=A+r)A—-w). (4)
The interest rate,, offered by the entrepreneur therefore solves the following optimizatiololgm:
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Problem 2

maxP({X = XD})(E[X +Y —min{X +Y, (14 1)1 — w)} ‘ X > XD] —w(l+ ri))
subject to

P(X = XpDE[min(X+Y, A+ DA - w)} = A+)A-w) | Xzxo|~c= 8 (5)

P(X > xD})E[min{x FY, A+ A —w))—A+r)A—w) ‘ X > xD} —c
(6)
> E[min{x FY. A4+0)A—w)) — A +r)d— u))].
The objective is the entrepreneur’s ex-ante expected payoff frauea gnterest rate. The interest rate has
two effects on the entrepreneur’s payoff. The interest rate diredidgtafthe amount of money, niix -+
Y, (1+r)(1—w)}, that the entrepreneur must repay. The interest rate also indirecttysaffayoffs through

its impact on the marginal-project funded,, and hence on the funding probabili§({ X > xp}).

Constraints (5) and (6) are analogues of constraints (2) and (3)limgonal. Constraint (5) ensures that
the informed lender’s expected payoff net of his investigation casat leasti. Constraint (6) ensures that

it is optimal for the lender to investigate the project.

We now provide conditions under which debt gives rise to over-fingndihat is, with debt, an informed
lender extends funding to negative NPV projects. While the lender exjgemtser his capital costs on these
projects, the founders and key personnel do not expect to covieretiteepreneurial capital investment

(1+rj)w, and hence would prefer not to have these negative NPV projectedund

Proposition 2 Suppose that Y has suppyt, y1. Then a sufficient condition for informed debt to give
rise to over-financing, i.e.x < 1+rj, Iis that—X < w(l+rj). In this instance, an informed lender funds

negative NPV projects that the entrepreneur would prefer to remain uatund

To understand why debt can give rise to over-financing, supposéhthéender can evaluate a project
perfectly, i.e..Y = 0. Then equation (4) immediately implies that = (1 +r;j)(1 — w) < (1 +7j), so that
projects with payoffE[x + Y] € [(1+ri)(1—w), (1+T;)] are funded to the entrepreneur’s detriment—the
lender does not internalize the fact that project payoffs may only partialtypensate key personnel for
their entrepreneurial capital. As a consequence, some projects tieaaheagative NPV after accounting
for entrepreneurial capital are funded. If, inste¥dds non-degenerate so that there is project uncertaint
that the lender cannot resolve, the lender will be more cautious in his ledduigions, increasingy and
reducing the over-financing. However, unless the unresolved taitgris quite large ow is very small, it
is still the case thatp < (1 + ;).



We next show that to reduce this over-financing, the entrepreneutsale interest rate that provides

the lender his minimum required payoi,

Proposition 3 Suppose that informed debt gives rise to over-financing. Then if thepeatreur pursues
debt finance, he chooses the interest rate that gives the lender actexgayoff net of his investigation

costs ofu.

The intuition is simple. Reducing both reduces the entrepreneur’s payment to the investor, and d
creases over-financing by increasixg As a result, the entrepreneur chooses low as possible, so that
the lender receivas. We next show that increasing the intrinsic uncertainty that is not resblvadender’s

project evaluation, reduces the magnitude of over-financing.

Proposition 4 Let Y be a mean-preserving spread¥of Suppose that informed debt gives rise to over-
financing when the unresolved uncertainty is Y. Then, raising the Umegsancertainty fromY to Y

reduces over-financing (i.e., raiseg)xand raises both the entrepreneur’s payoff and the interest rate.

Due to the concavity of the debt function, the lender responds to increasesolved uncertainty about
a project by funding fewer negative NPV projects. Because ovandimg is reduced and both parties are
risk neutral, it follows that adding mean zero uncertainty makes the entexpreetter off. If, instead, we
fix the total project uncertainty, and increase the unresolved uncerttiaty in general, the entrepreneur is
made worse off, as the lender learns less from his investigation. For éxafmg = E[X] andY contains
all project uncertainty, then investigating the project is pointless, and tinepeeneur is worse off relative

to a situation in which information about the project can be acquired.

Next, we detail how over-financing is affected by key parameters ofdbeamy.

Proposition 5 Suppose that informed debt gives rise to over-financing. Then the fajjgearameter

changes reduce the quality of the marginal-funded projestand hence raise over-financing:

[EEN

. reducing the risk adjusted rate of interest, r

N

. increasing the entrepreneurial capitad,

w

. increasing the cost of investigation, c;

4. increasing the lender’s bargaining strength,

Reducing; lowers the lender’s opportunity costs of funds, which raises the atteaetss of funding any

project. As a consequence, the marginal funded project must havearietrn, which means thag falls.
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Similarly, raising entrepreneurial capitalraises over-financing, because the lender does not internalize
in his funding decision. Both raising and raisingc increase the equilibrium interest rate that the lender

receives, making him more willing to fund marginal projects.

4.1 Debt versus Equity

Propositions 1 and 2 raise the following questions: when would the entieyar@refer informed debt fi-
nance, and when would venture capital finance be more attractive? Queljtathe answer is clear. If
there is substantial probability mass on marginally negative NPV projeet§xp, (1+r;)], then informed
debt finance gives rise to significant over-financing, making ventapé&al more attractive. Analogously,
if there is substantial probability mass on projects [(1+ i), Xg], i.e., if many projects are small posi-
tive NPV projects, then informed equity finance gives rise to significaderfinancing, which makes debt
more attractive. Finally, if projects are likely to have a positive ex-ante NiRMmvestigation costs are large

relative to the capital required for finance, then it may be optimal to punsiméaumed finance.

Lastly, we observe that our theoretical model of debt abstracts frokriyptcy and other enforcement
costs, as well as restrictions imposed on institutional lenders about tholjpmisks (e.g., CAMEL ratings
for banks). For example, if a project is very risky, then debt finance maquire very high interest rates,
resulting in enormous default rates. In our empirical analysis, we quahtge risks for projects that are

candidates for venture capital finance.

5 Empirical Analysis
5.1 Overview

There are core goals of this section. First, we want to understand hthwwrenodel explains the quanti-
tative empirical regularities of venture capital finance. We then want tahesestimates of the primitive
parameters of our model to gain insights into the “ex-ante” properties gégisothat may be targets for
venture capital. In particular, we want to derive the extent to which a vemtapitalist’s investigation (i)
increases the mean of funded relative to unfunded projects, and (ii¢esdincertainty about project pay-
offs; and the extent to which venture capitalists underfund projectsuelatithe social optimum. We also
want to obtain measures of the surplus associated with these entrefakpejects, the share accruing to
venture capitalists (after accounting for investigation costs), and to stater why these projects receive

equity rather than debt finance.

We first identify five key empirical moments of venture capital finance—timture capitalist’s equity

share, the mean and standard deviation of the venture capitalist’'s returnBihded projects, the probabil-
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ity that a project is funded, and the probability that the venture capitalist lnsaey.

The primitive specifications of the model—the distributionsandY of project payoffs together with
entrepreneurial capitat and the risk-adjusted interest rate— endogenously generate these five moments
We identifyr; from the data, leaving, Y andw to be specified. To minimize the free parameters at ou
disposal, we assume thAtfollows a lognormal distribution, and a normal distribution. The assumption
that X is log-normally distributed captures both the long upper tail and the thick loweokthe distribution
of project payoffs; and the normality &fimposes symmetry on the error in a venture capitalist's evaluatior
This gives us four primitive parameters to match the five endogenous empincaents: The mean and
the standard deviatioay of In(X);> the standard deviatioay of Y (recall thatY has mean zero), and
entrepreneurial capitab. Note that we focus on empirical moments that are relatively insensitive toikhe t

properties ofX andY, and hence are relatively robust to distributional assumptions.

Our estimation procedure identifies the four primitive parameters that béis¢ fitata. Using theup
normdistance metric, we choose, 1, ox andoy to minimize the percentage difference between the pre
dicted and empirical values for the five endogenous moments. We find ttiegt @ptimized values of the
primitive parameters, the percentage differences between the empiricainmscene their predicted values

are extremely small. One may then raise the following questions:

e Can the model fit “literally everything”, or does the model's economic streatuive the good fit?

e Whatis the quality of our estimates of the primitive parameters characterizirgpesneurial projects,

given that there may be substantial noise in the estimates of the empirical moments?

We document in two ways that it is the economic structure that underlies thedgt basically, note that
it is not typically possible to solve five equations with only four unknowns.thiéa perturb the empirical
moments away from their estimated values, and show that the model’s fit is distiegthgood. This
analysis also reveals how predicted moments are affected by changespnntiteves, permitting us to

uncover the driving forces underlying our point estimates.

Itis also important to recognize that there may be errors in the point estinfdbesampirical moments
and ofr;. To account for this noise, we assume that the true empirical moments anel drawn from
normal distributions with means equal to their point estimates, and standaatialey equal to 10% of the
associated point estimates (i.e., the 95% confidence interval is approxin2e¥s). We then do a Monte
Carlo analysis. Drawing 5,000 samples of “empirical moments” and calculatengrtmitive parameters

that best fit those sampled moments, we determine the 95% confidence interegsh primitive param-

. 2 . . . 2 2 . .
5The mean oiX is e#10-5% and its variance ig?*127x — 19X The mediarm of X is e*.
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eter. Despite the wide range from which the empirical moments are drawe, ¢hafidence intervals are

relatively tight. This indicates that we can be confident in our point estimétbe primitive parameters.

5.2 Description of empirical moments

We now detail how we derive the various moments aridtom the data.

VC’s equity share: Kaplan and Stromberg [18] have a data set with 213 investments by 14 eeajpital
firms. The data include the contractual agreements governing eachigaognd in which the firm partic-
ipated. In practice, the venture capitalist’s share is contingent on paafae: if the firm does well, then the
founders receive stock options that dilute the venture capitalist's skapgan and Stromberg find a median
minimumshare of 41% for first round finance (i.e., the share the venture caprietdisives when the firm
meets all performance standards), and a megtiarimunshare of 50.5% for first round finance. Because
the venture capitalist’s share is less when the firm does well, this suggesisrage venture capital share
of 43-44%. Although venture capital contracts are only approximatelyrifhear abstraction of a perfectly

linear contract closely mirrors the data.

Mean VC Return: Ljunggvist and Richardson [19] have a data set containing the exact tirhingest-
ments and distribution of cash flows for 73 private equity funds, of whechrgé venture capital funds. This
data set is free of the sample selection bias that Cochrane [9] must addtexyqvist and Richardson find

that the risk-adjusted return with respect to the ex-ante cost of capi@W<@ venture capital funds.

Standard Deviation of VC return: Cochrane [9] computes the standard deviation of the financier's retul
per unit capital invested for different financing rounds. His estimatetiatal deviation for the first round
of finance, which is the appropriate measure for our model, is 120%. Tsliglly higher than the standard
deviation across all rounds of funding which is 107%. Peng Chen, Baigrl and Paul Kaplan [8] find a

slightly higher standard deviation over all rounds of finance of 116%.

Probability of Funding: There are essentially two stages of evaluation for first-stage fundingheln
first stage, the venture capitalist does a cursory (few minute) skim oftbiaat of the business plan,
discarding the overwhelming majority. The remaining projects receive sesoutiny—and this is the
investigation that we model. Blumberg Capital (http://www.sba.gov/INV/vc10}) geHerts that “a typical
$100 million venture capital firm receives at least 1,500 business plays@e Perhaps 50 result in serious
due diligence, and 5 ultimately will obtain funding.” Sherman McCorkle, CEQesfhnology Venture
Corporation asserts that about 10% of all projects that are subjecetaifed investigations are funded

(http://mww.abgtrib.com/archives/business00/0501ymp.shtml). Other informal sources also sugges

61t is worth noting that this limited non-linearity slightly reduces the venture cligtitareturns both by lowering their claims to
the best projects and by reducing the inefficiency in funding decisieuxded with pure equity contracts.
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a rate of about 10% or slightly highér.

Risk-adjusted interest rate, ri: Ljunggvist and Richardson [19] estimgfe= 1.12 for venture capital
funds. As the risk-free rate, they use the interest rate on 10 yeautyeastes in the month the fund was
raised, which averaged 9.2% over the relevant time period, which exdgedbout 2.1% the return on 3
month T-bills. Mehra and Prescott [20] document that the equity premjumr ¢ is 6%, where ¢ is the
interest on short term treasury bills. Assuming an expected equity prenfidfb over 10 year treasuries,

yields a risk-adjusted interest rate of 13.8 percent, which we uge.for

Probability VC loses money: The probability the venture capitalist loses money equals the probability th:
his return is less than % r;. Using Cochrane’s data set we compute the loss probability for ventpitlca
projects with a first round of finance between 1987 and 1992. Coelsrdata set extends to 2000—by using
this earlier sample we ensure that more uncertainty about project retuesolsed. 33 percent of these
firms went public with IPOs, 35 percent were acquired by another firnpet®ent went out of business
and only 13 percent remained private by the year 2000. Return daddamisly unavailable for firms that
remain private, and they are also lacking for about half of IPOs andigitigns. For those for which we
have data, including negative and zero returns for IPOs, 16.8 pgetHOs lose money; 33.6% percent of
acquisitions lose money; and presumably all bankrupt firms lose moneyinkthéssue is how to evaluate
privately-held firms. These privately-held firms have been active fomémum of 7 years, so they are not
clearly lemons. If privately-held firms are as likely as acquired projectss® tooney, then 40.6% of all
projects fail to earn the venture capitalist’s required return of 13.8 perdéis estimate of 40.6% is not

substantially affected by changesrjror by alternative ways of accounting for the missing data.

5.3 Results

Inspection of Table 1 reveals that at the optimized levels of the four primitiverpeters, the model does an
astonishingly good job of matching the five key empirical moments charactesxigintgre capital finance.

None of the five predicted moments differs by more than 0.6% from their emigicoaterparts.

In particular, we can explain all of the venture capitalist’s excess reiithout having to appeal to an

illiquidity premium, or to market power for venture capitalists, or more generalbther market imperfec-

7Our assumption that only one venture capitalist seriously investigatesma gigject approximates practice. While rejection at
the first stage may not reflect on the project’s intrinsic merit, “Once @jgpt] is rejected [after serious scrutiny], it is very difficult
to get it reconsidered... if the proposal is rejected... it may get\arshopped’ reputation. Venture capitalists trade information
quite freely and a turndown by one firm influences others” (Paul Kedtito://www.i2m.org/ftp/freepubs/0501.pdf). If one could
eliminate firms from the sample that were rejected after serious scrutieywould get a higher acceptance probability, which is
consistent with our numerical analysis. Indeed, for reasonable ditnital and investigation cost assumptions in our model, it is
not optimal for an entrepreneur to consider a two-stage strategy in Wkiclffers a higher equity share to a venture capitalist on
the second round if rejected in the first round. This is because a firstinejection precludes a high upside for the project, and
the share must compensate the second-round venture capitalist fordstgation given the project’s lower potential.

8The high quality of the fit indicates that our estimates are insensitive to theckstaetric that we use.
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Table 1: Model Fit

k return stdv return prob fund prob loss
empirical
values 43.5% 28.0% 120.0% 10.0% 40.69
predicted
values 43.3% 282% 119.3% 10.0% 40.89

tions. That is, the entrepreneur willingly gives the venture capitalist aityesjuare sufficient to generate
substantial “excess” returns. The entrepreneur does this to mitigatevilre seder-investment problem,
i.e., to increase his chances of being funded. Even with this premium, our predigts that venture capi-
talists fail to fund about 60 percent of all projects that have positive Nédviditional on their investigatich.

Consistent with this prediction, 81 percent of surveyed venture capitidisthat a significant number of

viable early-stage investments go unfunded (Meyer et al. [21]).

Table 2: Estimated Exogenous Parameters of Entrepreneurial Projects

% uncertainty

w mediary ox oy resolved
value 0.500 0.756 0.431 1.337 27.0%
95% conf
mte?v ? [0.400, 0.600] [0.687,0.819 [0.369 0.498 [1.0731.616] [21.2%, 34.7%)]

Table 2 provides the estimates for the primitive parameters and their 95% excdidntervals. As
explained in the overview, it is important to recognize that the empirical momedtsumestimate of;
are in fact random variables derived from estimation processes.t@oiae confidence intervals, we draw
5,000 independent samples assuming that the empirical momentsaedirawn from normal distributions
with standard deviations equal to 10% of the point estimates. Excep{ fdhe confidence intervals on the
primitive parameters are distinctly narrower than their counterparts forrttprieal moments. Finally,
the last column shows the percentage by which the venture capitalist seithécstandard deviation of the

ex-ante project’s payoff through his investigation, i.e., it captures theeptage of uncertainty resolvéd.

Economic Interpretation. We first emphasize that the estimates of these primitive parameters make s
nificant economic sense. Most obviously, founders and key peesanast contribute significant en-
trepreneurial capitalv, else the venture capitalist would require a share that exceeds therezbsange

of k. Similarly, w cannot be too large, else eitHewould fall short of the observed range; or wkhn the

9Again we note that these predictions are not affected by the venturelistsitzost of investigatiort, as long as their “excess
returns” cover.
100f course, after the investigation, the venture capitalist will not fund rpagects, so that the standard deviation of funded
projects differs substantially from that for ex-ante projects.
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observed range together with a small contribution & by the venture capitalist, the venture capitalist’s
return would be too high. That igl — w)/k cannot deviate too far from 1, amdshould therefore be in the
range indicated by the confidence band. It is worth noting that the widtreafdhfidence interval fow is
driven solely by the generous range of uncertainty that we allow:fdfrwe reduce the standard deviation
of k to 5%, then the confidence interval forreduces t¢.446, .558], while confidence intervals for all other

primitive parameters are affected by less th&i0a.

We next observe that the low funding rate of 10% indicates that the uitmorad expected project NPV
must be significantly negative—most projects must be losers. The neggtiiva is also indicated by the
fact that even after eliminating the bottom 90% of projects, 40.6% of fundgdqis still lose money. One
might conjecture that these observations imply an extremely negative ekHaktéiowever, this conjecture
fails to account for the significant underfinancing of entreprenepriécts (Meyer et al. [21])—there are
rejected projects with positive expected NPVs after a venture capitaliséstigation. It follows that the
ex-ante NPV must be negative, but not too negative. The estimate of thet@xnedian project payoff of
-25% (the mean is -19%) reflects these considerations. The especiallgditfitence interval emphasizes

the robustness of these arguments.

Finally, given the low median of the ex-ante project, in order to generate8¥eeXcess return for a
venture capitalist, there must be significant uncertainty for a venture istfstanvestigation to resolve, i.e.,
ox must be substantial. In additioay must be large relative toy to account for the high frequency of
ex-post mistakes that the venture capitalist makes, i.e., to account for.8% 40funded projects that lose
money. Finallyoy cannot be too large, else the standard deviation of the venture capitaist’s would

exceed its empirical counterpart.

Goodness of fit. We now show that if some of the empirical moments are changed significantly fro
their point estimates, the model fit deteriorates substantially. We perturb theeinmoments separately,
considering 40% deviations in each direction away from their point estimai@ang them outside their

confidence intervals. We then solve for the primitive parameters that grdvedbest fit.

Table 3: Goodness of Model Fit

maximum %
difference

perturbed

variable w mediar Ix oy

prob loss:—40% to+40% | .526—.442 .745-.769 .520-.363 .830-1.661 33.4%-22|2%

stdv: —40% to+40% .509-.524 .756-.754 .406-.444 .833-1.855 8.1%-5.7%
return: —40% to+40% .559-.475 .859-.677 .291-546 1.192-1.452 7.4%-4.8%
prob fund:—40% t0o+40% | .501-.494 .628-.856 .472-.401 1.328-1.346 .6%-.6%
k: —40% to+40% .715-247 .712-.805 .431-.431 1.260-1.429 .6%—.6%
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Note that because we match the point estimates so closely, slight perturluziom alter the fit sig-
nificantly. For example, if we move one empirical momentddg then all primitive parameters will adjust,
resulting in a model fit that is better thab. Table 3 presents how the moment perturbations affect the es
mates of the primitive parameters. The last column shows the maximum percdiftagance between the
predicted and empirical/perturbed moments. Note that a maximum differen@é ofdicates that at least
two of the predicted moments differ from their empirical counterpartydy Table 3 reveals that except
for sharek and the probability of funding, all deviations from the point estimates lead tesevmodel fits.
The model is most sensitive to misspecification of the probability that the vecditalist loses money:
logically, the symmetry of the distribution &f implies that the model can never generate failure rates ex
ceeding 50%. More surprisingly, the model cannot fit failure rates tieatba low: low failure rates demand

a lowovy, but a lowoy results in a standard deviation of the venture capitalist’s return that is féowoo

Heterogeneity in project characteristics.The point estimates derived above describe the “typical” ventur:
capital project. In practice, there is likely heterogeneity in ex-ante projeatacteristics. For example,
the founders for one project may provide more entrepreneurial céipaalfounders of other projects. One
would expect that the venture capitalist’'s share would be smaller wheddéosiprovide more inputs. Con-
sequently, one wants to understand how heterogeneiiy @amd the other primitive parameters affect the

contract termsk, and the other moments associated with venture capital finance.

Table 4: Project Heterogeneity

\F/’grritgé?:d %AK %A return %A stdv %A prob fund % prob loss

w: —10%t0+10% | +8.810-9.0 -1.1to+1.1 -1.1to+1.2 -4.5t0 +4.8 0.0t0 0.0
m: —10% to+10% | +1.4t0-1.5 -8.2t0+8.3 +09t0-09 -32.3t0+36.7 +2.0to-2|0
ox: —10% to+10% | +2.2t0-2.2 -149to+15.7 +1.2t0-1.0 -144to+12.6 +3.410-3/6
oy: —10% to+10% | 0.0t0 0.0 0.0t0 0.0 -0.3t0+9.1 0.0t0 0.0 -2.2t0 +1|9
ri: —10% to+10% | -0.2to+0.2 -0.2t0 +0.2 -0.2t0 +0.2 +4.3t0-4.1 0.0t0 0.0

Table 4 reveals that many of the key moments of venture capital financevtatiean sensitive to het-
erogeneity in project characteristics. Most surprisingly, the interésthas only a moderate impact on the
probability of funding, but has no significant influence on all other patars. This insensitivity is most
surprising for the excess return, which is the gross return nrinukis result reflects the fact that the gross
return increases at the same rate akie to the reduction in the funding probability. Of the moments that ar
affected, note first that raising the median project payoff or its upsitengial (viaox) has the anticipated
effect on the return, but also has a surprisingly strong impact on trénfgrprobability. That is, an en-

trepreneur whose ex-ante project stands out even slightly among itssqagevastly increase the probability

16



of getting funding. Finallyw andk move almost one-for-one with each other for the reasons that we ha

already highlighted.

Model Implications. We have shown that our theoretical model robustly generates the keyieahpgu-
larities in the data. This is important in its own right. As important, it indicates that trdelisgredictions
can be used to obtain insights into moments for which it is infeasible to gather Wéchave already
gained such quantitative measures for the primitive parameters of emeepia finance. We now present

additional implications of those parameters.

We first compare the properties of funded and unfunded projects.pfuitive parameter estimates
imply that if a venture capitalist funded all projects, then 57.2% would hagative NPVs. The venture
capitalist’s investigation lowers this number for funded projects to 360®y eliminating likely losers,
a venture capitalist's investigation dramatically raises the expected projeat feom —17.0% to 63.7%.
Remarkably, the standard deviation of the project’s payoff is virtuallyfentdd: the unconditional standard
deviation of the project’s return is 138.8%, while it is 137.6% for fundedguts’? The reason that elimi-
nating likely losers does not lower the standard deviation is that this filtering eligsrhe thick bottom tail

of the lognormal distribution, leaving the long (high variance) upper tail.

We can also compute the project’s ex-ante expected surplus, givenneeabthe costs of investigation,

Total surplus is the sum of the entrepreneur’s and venture capitaligtiisu
PAX = xeDE[(L - KX —w(@ +r1)[X > Xe] + P{X = Xe DE[KX — (1 = w)(L +1i)|X > Xeg] — ¢,

wherexg is the cutoff for finance. Our primitive parameter estimates yield ex-antetegsurplus of @36

for the entrepreneur, and surplus ddD4—c for the venture capitalist. Ex-ante surplus is low simply becaus:
only one projectin ten is funded. To determine approximate levels of invéstigaosts, we note that a ven-
ture capitalist’s inputs to a funded project on an annual basis are abatin (including the value of their
time providing advice to the entrepreneur). If investigation costs are 8480000 per investigated project,
thenc = 0.005. For such a value af a venture capitalist expects to extract 20% of the total project surplu
which is a large percentage for the entrepreneur to cede to venturdistpitanecdotal evidence indicates
that even though this is optimal, entrepreneurs still resent having to gise mquch, as they provide the key

idea and technical expertise, and the venture capitalist “just” provideadhey and business advice.

Our relatively low estimate of the total surplus suggests that the surplusréjested projects is likely
negative. This observation can reconcile the reluctance of ventuitalestp to investigate projects that were
rejected after serious scrutiny by other financiers, and it also indicdtgsenture capitalists only consider

projects with significant upside potential.

1lBecausel_Lw < 1, the probability a venture capitalist loses money is slightly higher than 36.0%
12The standard deviation for the venture capitalist is damped slightly begaise< 1.

17



Finally, we consider the question of why debt finance is not pursuedebtypes of projects identified
by our analysis. Using the primitive parameters describing the ex-antepn can compute the interest
rate that a lender would have to receive just to break even. We findvbiaifénvestigation costs were zero,
the interest rate would have to exceed 80% and the correspondindtaafauvould exceed 35%—even
with trivial bankruptcy costs, expected default costs would be largek Begulation in the United States
certainly precludes banks from providing loans with such high defatdsrand it is likely that such high
interest rates would not be enforced by a court. It seems clear thetbft debt finance is feasible only for

far safer projects.

6 Conclusion

This paper develops the simple analytical implications of informed financeityegjues rise to under-

financing, while debt gives rise to over-financing of safer projectaibge lenders do not internalize en-
trepreneurial capital of key personnel in the firm. Our quantitative aisaipdicates that equity finance
gives rise to significant under-financing: venture capitalists do nat &About 60 percent of all projects
that have positive NPVs following a venture capitalist’'s investigation. Tacedhis under-financing and

increase the chances of funding, entrepreneurs willingly cede latdty shares to venture capitalists. Our
gquantitative analysis indicates that the excess returns that venture ctpredisive (see Ljungqvist and

Richardson [19]) is due to the optimal decision by entrepreneurs toedgaextent of under-financing.

More generally, our empirical analysis reveals that our model closetligisethe key statistics associ-
ated with venture capital finance in the United States. Our model’'s explaradamr indicates that one
must take seriously the model’s predictions about parameters that canrezdily identified from the data.
For example, our model indicates that venture capitalists are very stidcatseliminating likely losers
(projects with negative expected NPVs). Simply by eliminating losers, veoap#alists greatly raise ex-
pected returns of funded projects, even though the standard deviafibtngded and unfunded project are
virtually the same. Our empirical analysis also reveals that projects thatestial targets of venture

capital finance are too risky for debt finance from formal lending cesir
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7 Appendix

Proof of Proposition 1. Let [x, X] be the (possibly unbounded) supportXf Let k* be the solution to
Problem 1 ignoring the constraints. bgt = (1 — w)(1+r;)/k* be the cutoff value for funding. Note that
Xt < X. Otherwise, no project is funded, and the entrepreneur’s payadfs Because the densify(x) is

strictly positive, the definition ok immediately implies that

y1=/ [k*x — L+ (L~ w)]dF () > 0, Y

£
Similarly,

yzzf [k*x—(1+ri)(1—w)]dF(x)—/ [kK'x = @ +r)(1—w)]dF(x) > 0. (8)

*
E 2

Then the constraints to Problem 1 are slack if and onty+#fu < y; andc < y».

Now suppose that the constraints are slack. Then the first-order contitifroblem 1 is

x 1—k* 141,
_f xdF(x)+x§f(xE)[ o XE—w( k:Ln)]=0, 9)
Xg

X

Becausexg < X and f(x) > 0 for x € [x, X] it follows that—fXE xdF(x) < 0. Thusxg f(xf) > 0 and

(9) imply
A -kH%g > w@d+7r)). (20)

Adding equatiork*xg = (1 — w)(1+r;) to (10) yieldsxg > 1 +rj, i.e., there is under-financingm

Proof of Proposition 2. If x > (1+ri)(1—w)—ythenE[min{X+Y, (1+r)(1-w)}] > (1+ri)(1—w) (since
r > ri, as the financier must recover cosfsHencexp < (1+ri)(1 — w) — y. Because-y < w(1+ri),

we getxp < 1+, i.e., there is over-financinga

Proof of Proposition 3. Suppose that constraint (5) is slack atid< 1+ r;. Now decrease marginally
tor’. Then equation (4) implies thap increases marginally tef,, such thaky < 1+r;. Letx € [Xp, Xpl.
Then equation 4 implieE[min{x+Y, (1+r)(1—w))}] > (1+r;)(1—w). Becausey < 1+r; it follows
thatE[x + Y — min{x + Y, (1+r)(1 — w)}] —w(@ +r) < O0forallx € [xp, Xp]. Thus, the objective
of problem 2 is increased if projects are not funded for which [xp, Xp]. If the interest rate is’ then
only projects withx > xp, are funded. This, and > r implies that the objective of problem 2 is strictly

increased.
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It remains to prove that constraint (6) is satisfied. Note that
E[min(X + Y, A +0@ - w)} = A+ 1)@ -w)]
— P(X < xD)E[min{X FY, A4+ —w))— A+ —w)X < xD] (11)
+ P(X = XD)E[min{X +Y, A+nNA-w}->A+mMHAd-w|X= XD]
SubtractingP ({X > xpHhE[min{X +Y, (L +1)(1 — w)} — (L +r;)(1—w) | X > Xp] on both sides of (6)
and using (11) implies
—c>P(X < xD)E[min{X FY, A+ —w) — A+r)d—w)X < xD]. (12)
Whenr is decreased to' thenE[min{X + Y, (1 +r)(1 — w)} — (1 +r)(1 — w)|X < Xp] is decreased

Moreover,E[min{X +Y, 1+ —A+rHl—-w)|X < Xb] < Oforall x < Xp. Thus the increase ofp

to Xy, further decreases the right-hand side of (12). Thus, constrairg $ajisfied.m

Proof of Proposition 4. By the the definition of second order stochastic domina&ga(Y)] > E[u(Y)]
for any non-decreasing concave functienThus, E[min{x + Y, (1 +r)(1 — w)}] > E[min{x + Y, (1 +
r)(1 — w)}]. This, and (4) implies

E[minfxp + Y, 1+)L—w)}]> A+r)1—w) (13)

From Proposition 3 we can conclude that constraint (5) must hold withliggudoen the noise is/. Let

%o, andf be the cutoff value for providing finance and the interest rate, respégtivhen the noise i¥.

First, suppose thatp < xp andf > r. Then it follows immediately constraint (5) holds with a strict
inequality. Howevergp < xp implies that there is also over-financing undferBecause of Proposition 3,

constraint (5) must therefore hold with equality, a contradiction.

Next, suppose thatp > Xp andf < r. Then the left-hand side of constraint (5) strictly increases
Hence, constraint (5) is violated, again a contradiction. Inequality (E3¥ftbre implies thakp < xp and
r<r.

Finally, note thatp < xp implies that the surplus decrease because over-financing is incrézesed.

cause the financier’s payoff does not change, the entreprempeydsf must therefore decreasm.

Proof of Proposition 5. We first provide the proof for changes nf If there is over-financing, then
Proposition 3 implies that constraint (5) binds. The optimal valygs;), andr (r;) are therefore given by

eqguation (4) and constraint (5), i.e.,

9] A4r(ri))(1—w)—X o)
/ [/ (x+y)dG(y)+/ (1+r(ri))(1—w)dG(Y)] dF(X) =c+ 0
Xp (ri) —00 (A4r (ri) (1—w)—x (14)
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and

(141 (1)) (1—w) —Xp () 00
/ (XD(r)+Y)dG(Y)+/ A+rr)A-w)dGy) = 1+r)(1—w).

—o00 (L4 (1)) (1—w) —Xp (i)
(15)

Differentiating (14) with respect tg and using (15) yields

| [rea-w(t-s@sna-w-x) - a-w]dre =o
Xp(ri)
which implies

I'/(I’i) = 1- F(XD(ri)) (16)

Jeoan L= G(L+n1—w) —x)]dFx)

We can assume th&@((1 +r)(1 — w) — xp) > 0. Otherwise, ifG((1 + r)(1 — w) — xp) = O then

(15) impliesxp = (1 +rj)(1 — w) and the result follows, i.exp increases when increases. Thus,

G(1+r@—w) —x) <G(A+r)(1—w)—xp), for somex > xp. This, and (16) imply
1—-F(Xp(ri)) 1

fos(ri)[l —G(A+r1)(1—w) —xp(ri))dF(x) T1-G(A+NDA—w—Xxp())

X

r'ri) <

7
Differentiating (15) with respect tg yields

(I4+r)(1—w)—xp(r)
/ Xp(r)dG(Y) =1 —w)[1-(1-G(@A+1)A—w—xp(M)))r'(r))] >0, (18)

o]

where the inequality follows from (17). Heno#, (r;) > O.

We sketch the proof fow, as the key steps are qualitatively identical. Differentiating (14) with rdspec

to w and using (15) yields

, 1+r (1411 - F(xp))
r ('I,U) = — ’
which again implies
f(w) > (1+r) (A = F(xp(w)) .

1-w 1-G(A+NI—w) —xpw))
Differentiating (15) with respect te yields

(14+r)(1—w)—Xp (w)
/ x5 (w) dG(y) = [(1+r)—r’(w)(l—w)] [l—G((1+r)(l—w—xD(w)))—(l—|—ri)] (20)

o]

Substituting (19) for’(w) in (20) reveals thaxy (w) < 0.

Increasingc or U raises . The result then follows immediatelya
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