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Abstract

We propose new joint tests of forecast optimality that exploit information contained in multi-horizon
forecasts. In addition to implying zero bias and zero autocorrelation in forecast errors, we show that forecast
optimality under squared error loss also implies testable restrictions on second moments of the data ordered
across forecast horizons. In particular, the variance of the forecast error should be increasing in the horizon;
the variance of the forecast itself should be decreasing in the horizon; and the variance of forecast revisions
should be bounded by twice the covariance of revisions with the target variable. These bounds on second
moments can be restated as inequality constraints in a regression framework and tested using the approach
of Wolak (1989). Moreover, some of the proposed tests can be conducted without the need for data on the
target variable, which is particularly useful in the presence of large measurement errors. We also propose a
new univariate optimal revision test that constrains the coefficients in a regression of the target variable on
the long-horizon forecast and the sequence of interim forecast revisions. The size and power of the new tests
are compared with those of extant tests through Monte Carlo simulations. An empirical application to the

Federal Reserve’s Greenbook forecasts is used to illustrate the tests.
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1 Introduction

Forecasts recorded at multiple horizons, for example from one to several quarters into the future,
are becoming increasingly common in empirical practice. For example, the surveys conducted by
the Philadelphia Federal Reserve (Survey of Professional Forecasters), Consensus Economics or
Blue Chip and the forecasts produced by the IMF (World Economic Outlook), the Congressional
Budget office, the Bank of England and the Board of the Federal Reserve all cover several hori-
zons. Similarly, econometric models are commonly used to generate multi-horizon forecasts, see,
e.g., Faust and Wright (2009), Marcellino, Stock and Watson (2006), and Clements (1997). With
the availability of such multi-horizon forecasts, there is a growing need for tests of optimality to
exploit the information in the complete “term structure” of forecasts recorded across all horizons.
By simultaneously exploiting information across several horizons, rather than focusing separately
on individual horizons, multi-horizon forecast tests offer the potential of drawing more powerful
conclusions about the ability of forecasters to produce optimal forecasts. This paper derives a
number of novel and simple implications of forecast optimality and compares tests based on these
implications with extant tests.

A well-known implication of forecast optimality is that, under squared error loss, the mean
squared forecast error should be a non-decreasing function of the forecast horizon, see, e.g., Diebold
(2001) and Patton and Timmermann (2007a). A similar property holds for the forecasts themselves:
Internal consistency of a sequence of optimal forecasts implies that the variance of the forecasts
should be a non-increasing function of the forecast horizon. Intuitively, this property holds because,
just as the variance of the realized value must be (weakly) greater than the variance of its conditional
expectation, the variance of the expectation conditional on a large information set (corresponding
to a short horizon) must exceed that of the expectation conditional on a smaller information set
(corresponding to a long horizon). It is also possible to show that optimal updating of forecasts
implies that the variance of the forecast revision should exceed twice the covariance between the
forecast revision and the actual value. It is uncommon to test such variance bounds in empirical
practice, in part due to the difficulty in setting up joint tests of these bounds. We suggest and
illustrate testing these monotonicity properties via tests of inequality contraints using the methods
Gourieroux et al. (1982) and Wolak (1987, 1989).

Tests of forecast optimality have conventionally been based on comparing predicted and “re-



alized” values of the outcome variable. This severely constrains inference in some cases since, as
shown by Croushore (2006), Croushore and Stark (2001) and Corradi, Fernandez and Swanson
(2009), revisions to macroeconomic variables can be very considerable. This raises questions that
can be difficult to address such as “what are the forecasters trying to predict?”, i.e. first-release
data or final revisions. We show that variations on both the new and extant optimality tests can
be applied without the need for observations on the target variable. These tests are particularly
useful in situations where the target variable is not observed (such as for certain types of volatility
forecasts) or is measured with considerable noise (as in the case of output forecasts).

Conventional tests of forecast optimality regress the realized value of the predicted variable on
an intercept and the forecast for a single horizon and test the joint implication that the intercept and
slope coefficient are zero and one, respectively (Mincer and Zarnowitz (1969).) In the presence of
forecasts covering multiple horizons, we show that a complete test that imposes internal consistency
restrictions on the forecast revisions gives rise to a generalized efficiency regression. Using a single
equation, this test is undertaken by regressing the realized value on an intercept, the long-horizon
forecast and the sequence of intermediate forecast revisions. A set of zero-one equality restrictions
on the intercept and slope coefficients are then tested. A key difference from the conventional
Mincer-Zarnowitz test is that the joint consistency of all forecasts at different horizons is tested by
this generalized regression.

Analysis of forecast optimality is usually predicated on covariance stationarity assumptions.
However, we show that the conventional assumption that the target variable and forecast are
(jointly) covariance stationary is not needed for some of our tests and can be relaxed provided that
forecasts for different horizons are lined up in “event time”, as studied by Nordhaus (1987) and
Clements (1997). In particular, we show that the second moment bounds continue to hold in the
presence of structural breaks in the variance of the innovation to the predicted variable. We present
a general family of data generating processes for which the variance bounds continue to hold.

To shed light on the statistical properties of the variance bound and regression-based tests of
forecast optimality, we undertake a set of Monte Carlo simulations. These simulations consider var-
ious scenarios with zero, low and high measurement error in the predicted variable and deviations
from forecast optimality in a variety different directions. We find that the covariance bound and the
single-equation test of joint forecast consistency have good power and size properties. Specifically,

they are generally better than conventional Mincer-Zarnowitz tests conducted for individual hori-



zons which either tend to be conservative—if a Bonferroni bound is used to summarize the evidence
across multiple horizons—or suffer from substantial size distortions, if the multi-horizon regressions
are estimated as a system. Our simulations suggest that the various bounds and regression tests
have complementary properties in the sense that they have power in different directions and so can
identify different types of suboptimal behavior among forecasters.

An empirical application to Greenbook forecasts of GDP growth, changes to the GDP deflator
and consumer price inflation confirms the findings from the simulations. In particular, we find that
conventional regression tests often fail to reject the null of forecast optimality. In contrast, the new
variance-bounds tests and single equation multi-horizon tests have better power and are able to
identify deviations from forecast optimality.

The outline of the paper is as follows. Section 2 presents some novel implications of optimality of
forecasts across multiple horizons, and descibes hypothesis tests associated with these implications.
Section 3 considers regression-based tests of forecast optimality and Section 4 discusses the role of
stationarity for fixed-event forecasts. Section 5 presents the results from the Monte Carlo study,
while Section 6 provides an empirical application to Federal Reserve Greenbook forecasts. Section

7 concludes.

2 Variance Bounds Tests

In this section we derive variance and covariance bounds that can be used to test the optimality
of a sequence of forecasts recorded at different horizons. These are presented as corollaries to the
well-known theorem that the optimal forecast under quadratic loss is the conditional mean. The

proofs of these corollaries are straightforward, and are collected in the Appendix.

2.1 Assumptions and background

Consider a univariate time series, Y = {Y;;t = 1,2, ...}, and suppose that forecasts of this variable
are recorded at different points in time, ¢ = 1,...,7 and at different horizons, h = hq,...,hg.
Forecasts of Y; made h periods previously will be denoted as Yt|t—h and is thus conditioned on
the available information set at time ¢ — h, F;_p, which is taken to be the o-field generated by
{Zt_ ki k> 0}, where Z;_}, is a vector of predictor variables capturing elements in the forecaster’s

information set at time ¢ — h. Note that the target variable, Y;, may or may not be an element of



Z;, depending on whether this variable is observable to the forecaster or not. Forecast errors are
given by ey;_p =Y — Yﬂt,h. We consider an (H x 1) vector of multi-horizon forecasts for horizons
hi < hy < --- < hp, with generic long and short horizons denoted by h; and hg (hy > hg).
Note that the forecast horizons, h;, can be positive, zero or negative, corresponding to forecasting,
nowcasting or backcasting, and further note that we do not require the forecast horizons to be
equally spaced.

We consider tests of forecast optimality under the assumption that the forecaster has squared
error loss, and under that assumption we have the following well-known theorem, see Granger

(1969) for example.

Theorem 1 (Optimal forecast under MSE) Assume that the forecaster’s loss function is
L(y,9) = (y—9)* and that the conditional mean of the target variable, E [Y;|F,_p) is a.s. finite
for allt. Then

Viion = axgmin B |(V; = 9)° (P | = B Y| 7i) (1)
where Y C R is the set of possible values for the forecast.

From this result it is simple to show that the associated forecast errors, e;‘| ooy = Yt — YtTt— , are

mean-zero and uncorrelated with any Z;_j € F;_p. We next describe a variety of forecast optimality
tests based on corollaries to this theorem.

Our analysis does not restrict the predicted “event” to be a single period outcome such as GDP
growth in 2011Q4. Instead the predicted outcome could be the cumulated GDP growth over some
period, say 20011Q1 through 2011Q4. Only the interpretation of the forecast horizon will change
in the latter situation, e.g. if the point of the forecast is 2011Q3, in which case part of the predicted
variable may be observed.

The tests proposed and studied in this paper take the forecasts as primitive, and if the forecasts
are generated by particular econometric models, rather than by a combination of modeling and
judgemental information, the estimation error embedded in those models is ignored. In the presence
of estimation error the results established here need not hold. In practice forecasters face parameter
uncertainty, model uncertainty and model instability issues and, as shown by West and McCracken
(1998), parameter estimation error can lead to substantial skews in unadjusted ¢t—statistics. While
some of these effects can be addressed when comparing the relative precision of two forecasting

models evaluated at the pseudo-true probability limit of the model estimates (West (1996)) or when



comparing forecasting methods conditionally (Giacomini and White (2006)), it is not in general
possible to establish results for the absolute forecasting performance of a forecasting model. For
example, under recursive parameter estimation, forecast errors will generally be serially correlated
(Timmermann (1993)) and the mean squared forecast error may not be increasing in the forecast
horizon (Schmidt (1974), Clements and Hendry (1998)). Existing analytical results are very limited,
however, as they assume a particular model (e.g., an AR(1) specification), whereas in practice
forecasts from surveys and forecasts reported by central banks reflect considerable judgmental
information. We leave the important extension to incorporate estimation error to future research.

Some of the results derived below will make use of a standard covariance stationarity assumtion:

Assumption S1: The target variable, Y;, is generated by a covariance stationary process.
2.2 Monotonicity of mean squared errors
From forecast optimality under squared-error loss, (1), it follows that, for any fﬂt,h € Fi_p,

o (15| 25 -]

In particular, the optimal forecast at time ¢t — hg must be at least as good as the forecast associated

with a longer horizon, hy:
- 2 . 2
Eo i [(Yt ~ Vi) } < By [(Yt ~ Vi, ) ] .
This leads us to the first corollary to Theorem 1 (all proofs are contained in the Appendix):
Corollary 1 Under the assumptions of Theorem 1 and S1, it follows that
. 2 . 2
MSE (hs) = E [(Yt ~ Viiiong) } <E [(Yt ~Viin,) } = MSE (hy) for any hs < hy.

Given a set of forecasts available at horizons hy < ho.... < hy, it follows that the mean squared
error (MSE) associated with an optimal forecast, e;k‘ n =Y — Yt"“t_ ,» is a non-decreasing function

of the forecast horizon:
B |efin) < B |eiion,) < < Blefi,] = VI as by — o0, 2)

The inequalities are strict if more forecast-relevant information becomes available as the forecast

horizon shrinks to zero.! This property is well-known and is discussed by, e.g., Diebold (2001) and

'For example, for a non-degenerate AR(1) process the MSEs will strictly increase with the forecast horizon, while

for an MA(1) the inequality will be strict only for A = 1 vs. h = 2, while for longer horizons the MSEs will be equal.



Patton and Timmermann (2007a).

Example 1: To illustrate a violation of this property, consider the case of a “lazy” forecaster,
who, in constructing a short-horizon forecast, fft“_hs, does not update his long-horizon forecast,
?tlt—hp with relevant information, and hides this lack of updating by adding a small amount of

zero-mean, independent noise to the long-horizon forecast. In that case:

?ﬂt—hs = Y/;f\t—hL + Ut—hg, Ut—hg L f/t\t—hLvut—hs 1Y (3)
We then have
Vv [6t|t7h5] =V [Yt - ﬁ\tth - Ut—hg} =V [€t|t7hL - Ut—hs] =V [€t|t7hL]+V [Ut—hs] >V [et|t7hL] .

Hence the short-horizon forecast generates a larger MSE than the long-horizon forecast, revealing

the sub-optimality of the short-horizon forecast.

2.3 Testing monotonicity in squared forecast errors

The results derived so far suggest testing forecast optimality via a test of the weak monotonicity in
the “term structure” of mean squared errors, (2), to use the terminology of Patton and Timmermann
(2008). This feature of rational forecasts is relatively widely known, but has generally not been
used to test forecast optimality. Capistran (2007) is the only paper we are aware of that exploits
this property to develop a test. His test is based on Bonferroni bounds, which are quite conservative
in this application. Here we advocate an alternative procedure for testing non-decreasing MSEs at
longer forecast horizons that is based on the inequalities in (2).

We consider ranking the MSE-values for a set of forecast horizons h = hy, ho, ..., hgy. Denoting

the expected (population) value of the MSEs by p® = [uS, ..., u%]’, with p = E[eat—h-]’ and
J
defining the associated MSE differentials as
_ 2 2
A§ =y = pyr = B ey, |~ B |, ]
we can rewrite the inequalities in (2) as
A; ZO, fOl"j:hg,...,hH. (4)

Following earlier work on multivariate inequality tests in regression models by Gourieroux, et



al. (1982), Wolak (1987, 1989) proposed testing (weak) monotonicity through the null hypothesis:

Hy : A°>0, (5)

vs. Hi : A°eRIL

where the (H — 1) x 1 vector of MSE-differentials is given by A® = [AS, ..., A%]". In contrast, A®
is unconstrained under the alternative. Tests can be based on the sample analogs A; = [ — fj_4
for fi; = %Zthl e?‘ t—h;" Wolak (1987, 1989) derives a test statistic whose distribution under the
null is a weighted sum of chi-squared variables, Zfi}l w(H —1,i)x%(i), where w(H — 1,4) are the
weights and x?2(i) is a chi-squared variable with i degrees of freedom. Approximate critical values
for this test can be calculated through Monte Carlo simulation. For further description of this test

and other approaches to testing multivariate inequalities, see Patton and Timmermann (2009).

2.4 Monotonicity of mean squared forecasts

We now present a novel implication of forecast optimality that can be tested when data on the
target variable is not available or not reliable. Recall that, under optimality, F;_p [ea t_h} =0

which implies that Cov {thTp B ea tih} = 0. Thus we obtain the following corollary:

Corollary 2 Under the assumptions of Theorem 1 and S1, we have V [Y] =V [YtTt—h} +FE [efﬁ_h} .
From Corollary 1 we have E [ez‘ﬁfhs} <FE [efﬁf}%] for any hg < hr,, which then yields

1% [Atthhs} >V [AtthhL} for any hs < hr,.

N

Further, since £ {Yty\‘t—h} = FEY,], we also obtain an inequality on the mean-squared forecasts:
b [}A/;Tt{hs} > E [fftTthJ for any hs < hy,. (6)

This reveals that a weakly increasing pattern in MSE-values as the forecast horizon increases
implies a weakly decreasing pattern in the variance of the forecasts themselves. This simple result
provides the surprising implication that (one aspect of) forecast optimality may be tested without
the need for a measure of the target variable. A test of this implication can again be based on
Wolak’s (1989) approach by defining the vector Al = [Ag, ...,AfH},, where A;.c =F [Y*2

t\t—h]} o
E [}A/tth— B } and testing the null hypothesis that differences in mean squared forecasts are weakly
j—1



negative for all forecast horizons:

Hy : Af <o, (7)

vs. Hy : Al e RE-L

It is worth pointing out some limitations to this type of test. Tests that do not rely on observing
the realized values of the target variable are tests of the internal consistency of the forecasts across
two or more horizons. For example, forecasts of an artificially-generated AR(p) process, independent
of the actual series but constructed in a theoretically optimal fashion, would not be identified as
suboptimal by this test.?

Example 2: Consider a scenario where all forecasts are contaminated with noise (due, e.g., to

estimation error) that is increasing in the forecast horizon:

~ A ~
}/:f‘t—hL = }/;It*hL + ut*h[l) utth il Y;f‘t—hL

~ A ~ ~

}/:‘,‘tfhg = Y;‘/It*hs + ut*hs; utfhs L (}/;f‘tfhlﬂ }/t|t7h57 utth>

Vv [utth] >V [ut,hs] .

Define the forecast revision from time ¢ — hy, to t — hg as nyg p, = }A/;Sthhs T

Hi—hy - Note that by

forecast optimality we have C'ov [%thhL’ntlhs,hL] =0, and so:

4 [fftlt*hs} -V [ﬁ‘t*hL} =V [AtTt—hs] +Viuns] =V [AtTt—hL] — Vv,
=V [YtTt—hL + nt\hg,hL] + Viung] =V [AtTt—hL} =V {ut—n,]
=V [nt\hs,hL} + V [u—ng] =V [wr—n,]

< 0 if V[ut_hL] >V |:17t|hS,hL:| + V[ut—hg] .

Hence, if the contaminating noise in the long-horizon forecast is greater than the sum of the variance
of the optimal forecast revision and the variance of the short-horizon noise, the long-horizon forecast
will have greater variance than the short-horizon forecast, and a test based on (6) should detect
this.

Note that the violation of forecast optimality discussed in Example 1, with the short-horizon
forecast generated as the long-horizon forecast plus some independent noise, would not be detected
as sub-optimal by a test of the monotonicity of the mean-squared forecast. In this case the short-

horizon forecast would indeed be more volatile than the long-horizon forecast, consistent with

2For tests of internal consistency across point forecasts and density forecasts, see Clements (2009).



optimality, and this test would not be able to detect that the source of this increased variation was

simply uninformative noise.

2.5 Monotonicity of covariance between the forecast and target variable

An implication of the weakly decreasing forecast variance property established in Corollary 2 is
that the covariance of the forecasts with the target variable should be decreasing in the forecast

horizon. To see this, note that
Cov [fftTt*th;ﬁ} =Cov [}A/?\‘tfhv }A/;tthh + €I|t7h] =V [Atthh} .
Thus we obtain the following;:
Corollary 3 Under the assumptions of Theorem 1 and S1, we obtain
Cov [Yt""t_hS,Yt} > Cov {YtTt—hL’Yt] for any hg < hp.
Further, since E [Ytthh} = EY}], we also obtain:
E {AtTt—hSYt} >F [AtTt—hLY;‘} for any hg < hy.

As for the above cases, this implication can again be tested using Wolak’s (1989) approach by

~ A~

defining the vector A° = [A, ..., A%]', where AS = E [Yt];hjyt} _E [Y

t\t—hj,lyt} and testing the

null hypothesis:

Hy : A°<O0, (8)

vs. Hy : AfeRIL

2.6 Monotonicity of mean squared forecast revisions

Monotonicity of mean squared forecasts also implies a monotonicity result for the mean squared
forecast revisions. Consider the following decomposition of the short-horizon forecast into the

long-horizon forecast plus the sum of forecast revisions:

Or % _ % % O % Or % O %
ti—h1 = Yijp—hy T <Yt|t—hH,1 - t\t—hH> +~-+< te—h1 — t\t—hg)
H-1

= }/tTt—hH + Z ’r]t|h]‘,hj+17 (9)
j=1



where  1ypgn, = Yi_pg — tTt—hL for hg < hr. Under optimality, Fy_j, [nt\h&hL] = 0 for all

hs < hr, so Cov [}/};thhL’ntlhsth} =0, and

A ) H-1 ~1
4 [ He—hy — tthhH} =V Z Niphshjn | = 2V {ntm]-,hjﬂ} ;
j=1 j=1
A~ ~ H_2 ~ A~
4 [ tthhl - tthhH_l} = 14 |:T’t|hj7hj+1:| <V { tthhl - tthhH}

1

<.
Il

More generally, the following corollary to Theorem 1 holds:

Corollary 4 Denote the forecast revision between two dates as nypg p, = YtTt—hs — YtTt—hL for any

hs < hr. Under the assumptions of Theorem 1 and S1, we have
\% ntlhs,hL} >V [nt\hs,hM} for any hg < hpys < hy.

Further, since E |nypen, | =0, we also obtain:

E _ngmsm} > F |:?7§|h57h1\/1i| for any hg < hpr < hr. (10)

Considering the forecast revisions between each horizon and the shortest horizon, this implies
that
4 |:77t|h1,h2} <V |:77t|h17h3i| <<V |:77t|h1,hH] . (11)

Again Wolak’s (1987, 1989) testing framework can be applied here: Define the vector of mean-

squared forecast revisions A" = [Ag,...,A"H]/, where A7 = E[n?wlh} — E[nalh_ 1]
)leg EA A

. . 2 . . 2
= F [(Y;*t_hl — YtTt—hj) ] - F [(YtTt—hl — YtTt—h]-_l) ] Then we can test the null hypothesis

that the differences in mean-squared forecast revisions are weakly positive for all forecast horizons:

Hy : A">0, (12)

vs. Hy : A7eRH2
Example 3: Consider forecasts with either “sticky” updating or, conversely, “overshooting”:
Yii—n = ’VYtTt—h +(1- 'y)YtTt_h_l, forh=1,2,....H.

“Sticky” forecasts correspond to v € [0, 1), while “overshooting” occurs when v > 1. Moreover,

Ok

suppose the underlying data generating process is an AR(1), Y; = ¢Yi—1 + &4, |6 < 1, so Yt\t—h =

10



qShYt_h. Then we have

Nijt—ht—h—1 = v( tTt—h - tTt—h—l) +(1- 7)(5/}Tt—h—1 - YtTt—h—2)
= Y¢"Yin — "V p) + (1= ) (8" — ¢ s)

= e n+ (1—7¢" e n.

It follows that the variances of the one- and two-period forecast revisions are

V(o) = (72¢2 + (1 - ’7)2¢4) o2,

V(Ut\1,3) = (72¢2 +ot+(1- 7)2¢6) C’?
We can then have a violation of the inequality in (11), if

(1=7)%>1+(1-7)%"

There is clearly no violation if v = 1 (full optimality) or if 7 is close to one. However, if ~y is far
from one, representing either very sticky forecasts (e.g., ¥ = 0.5) or overshooting (e.g., v = 1.5).
2.7 Bounds on covariances of forecast revisions

Combining the inequalities contained in the above corollaries, it turns out that we can place an
upper bound on the variance of the forecast revision, as a function of the covariance of the revision
with the target variable. The intuition behind this bound is simple: if little relevant information

arrives between the updating points, then the variance of the forecast revisions must be low.

Corollary 5 Denote the forecast revision between two dates as nypg p, = YtTt—hs — }Aft“kt_hL for any

hs < hr. Under the assumptions of Theorem 1 and S1, we have
14 [nﬂhg,hL} <2Cov [Y;tanﬂhs,hL} for any hg < hr.
Further, since B [nﬂhs,hL} =0, we also obtain:
E [ hgn,| < 2B [Yingon,| for any hs < by (13)

Note also that this result implies (as one would expect) that the covariance between the target
variable and the forecast revision must be positive; when forecasts are updated to reflect new

information, the change in the forecast should be positively correlated with the target variable.

11



The above bound can be tested by re-writing it as

E [QYt??t\hS,hL - 77?|h5,hJ > 0. (14)

. /! .
and forming the vector A = [Ag,...,Al}I] , where Ag’. =F [2Yt77t|hj,hj,1 _n?\hj,hj_l , for j =

2,..., H and then testing the null hypothesis that this variable is weakly positive for all forecast

horizons

Hy : A’>0

vs. H : AbeRrRA-L

Example 1, continued: Consider once again the case where the short-horizon forecast is

equal to the long-horizon forecast plus noise:
Yie—hs = Yijt—n, + W—hg, Ut—hg L Yyji—p, -

The difference between the variance of the forecast revision and twice the covariance of the revision
with the target variable (which is negative under forecast optimality) now equals the variance of

the noise:

14 [ﬁt\hs,hL] —2Cov [Ktaﬁﬂhs,hL] =V F/ﬂt—f% + Ut—pg — f/t|t—hL] —2Cov [Y;faf/ﬂt—hL + Utpg — 5~/t|t—hL]

= V|ug-ng] > 0.

Here the bound is violated: The extra noise in the short-horizon forecast contributes to the variance

of the forecast revision without increasing the covariance of the revision with the target variable.
Example 2, continued: Consider again the case where all forecasts are contaminated with

noise, f/}‘t,h = fﬂt,hL + uyp, whose variance is increasing in the forecast horizon, V [ut|hL] >

1% [Ut|hs]- In this case we find:

V nsie | = 2000 [Veiting | =V Mgy + g = ] = 2000 [Yeutyng, + g — e,
= {V [nﬂhs,hL} —2Cov [}Q?nt\hs,hL] } +V [ut\hs] +V [ut\hL] .

Under forecast optimality we know that the term in braces is negative, but if the sum of the short-
horizon and long-horizon noise is greater in absolute value than the term in braces, we will observe

a violation of the bound, and a test of this bound can be used to reject forecast optimality.

12



2.8 Variance bounds tests without data on the target variable

The “real time” macroeconomics literature has demonstrated the presence of large and prevalent
measurement errors affecting a variety of macroeconomic variables, see Croushore (2006), Croushore
and Stark (2001), Faust, Rogers and Wright (2005), and Corradi, Fernandez and Swanson (2009).
In such situations it is useful to have tests that do not require data on the target variable. Corollaries
2 and 4 presented two testable implications of forecast optimality that do not require data on the
target variable, and in this section we present further tests of multi-horizon forecast optimality that
can be employed when data on the target variable is not available or is not reliable.

The tests in this section exploit the fact that, under the null of forecast optimality, the short-
horizon forecast can be taken as a proxy for the target variable, from the stand-point of longer-
horizon forecasts, in the sense that the inequality results presented above all hold when the short-
horizon forecast is used in place of the target variable. Importantly, unlike standard cases, the
proxy in this case is smoother rather than noisier than the actual variable. This turns out to have
beneficial implications for the finite-sample performance of these tests when the measurement error
is sizeable or the predictive R? of the forecasting model is low.

The result that corresponds to that in Corollary 1 is presented in Corollary 4. The corresponding

results for Corollaries 3 and 5 are presented below:

Corollary 6 Under the assumptions of Theorem 1 and S1 we obtain:

(a)

v

Cov [YtTt—hM’ tTt—hs] Cov [YtTt—hL’ tTt—hS] , and (15)
E [ Ht—har tTt—hs] > B [ tt—hy, tTt—hs} for any hs < har < hy
(b) Denote the forecast revision between two dates as nyp = YtTt—h — }A/tTt—k for any h < k.

Then

IN

| [nt|hM,hL} 2Cov [YtTt—hS’nﬂhM;hL} , and (16)

E [nfthth} < 2F [Y/;tTt—hsnt\hM,hL} for any hg < hpr < hy.
As for Corollaries 3 and 5, an inevitable side-effect of testing forecast optimality without using
data on the target variable is that such a test only examines the internal consistency of the forecasts

across the different horizons; an internally consistent set of forecasts that are not optimal for a given

target variable will not be detected using such tests.
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2.9 Illustration for an AR(1) process
This section illustrates the above results for the special case of an AR(1) process. Let:
Y = ¢Yi1 + e, ’¢‘ <1, (17>

where &; ~ WN(0,02), so 03 =02/(1 — $%). Rewriting this as

h—1
Yi=¢"Yipn+ Y dle,
=0

we have AtTt—h = ¢hY},h, and so e;f' h = Z?:_Ol #'e;—;. From this it follows that, consistent with

1 _ 2h 1 _ 2(h+1)
14 [er\t—h} =o? ( 1 _22 ) <o’ <1¢i¢2> =V [ei\t_h_l} :

Moreover, consistent with Corollary 2 the variance of the forecast is increasing in h :

Corollary 1,

14 [AtTt—h:| = ¢2h03 > ¢2(h+1)‘7§ =V [}A/tTt—h—l] .

The covariance between the outcome and the h—period forecast is

h—1
Cov [Yt Y;(t_h] =Cov | "V pn+ Y d'er i, 6"Yin| = ¢™o2,

i=0
which is decreasing in h, consistent with Corollary 3. Also, noting that ?tTt—hs = Y/;thth +
Z?:Lh_sl ¢'ei_i, the forecast revision can be written as Melhs,hy = Z?:Lh_sl ¢'er—i, and so

1— (Z)Q(hL_hS)
2 12h
¢ ] = ot (S5,

which is increasing in hy —hg, consistent with Corollary 4. Consistent with Corollary 5, the variance
of the revision is bounded by twice the covariance of the actual value and the revision:

th]. hL*]-
2Cov [Y},nﬂhs,hL} =2V Z Pepi| >V Z P Et—i| = Nejhg,hy-

i=hg i=hg

The implications of forecast rationality presented in Corollary 6 for this AR(1) example are:

7 Ve _ Ok Or
COU Ytlt_hjw’ t|t—hs] - COU |:}/t|t—hM’ Y;lt—hhf + nt|hs,hMi|
hyr—1
h h ;

= Cov [ " Yy py, "M Yiiny, + Y dlers
i=hg

_ 2h1VIV Y _ QhM Jg > 2hL Jg _ C 5}* Or %

= ¢ Yeonyl=¢ 1-¢2 = ¢ 1-¢2 OV Xyli—hps> Yijt—hg

14



and

[ hp—1
o h ;
Cov [Yt\t_hsant\hM,hL = Cov [¢"9Y; pg, Z et
| i=hys
[ hy—1 hr—1 hr—1
= Cov |Yj,_y, + Z P'er—i + Z et Z et
| izhs i=hys i=hy
(hy—1 1 hy—1 (hy—har)
) . 1 — ¢p?the=hum
2 2 2 12h
=V Zqﬁ%t_i =0 Z(ﬁlzaaﬁb M#
_Z':h]w ] i:hkl
hL—l hL—l h 1 i ¢2(hL_h]W)
. 7 2 21 2,2
while V [nt‘hM,hLi| =V Z ¢ Et—i| = 0¢ Z (ZS = O-s¢ ]\/1—2
. ) 1—¢
[i=hy i i=hym

IN

2Cov |:Y;Tt_hs7nt\hMthi|

3 Regression Tests of Forecast Rationality

Conventional Mincer-Zarnowitz (MZ) regression tests form a natural benchmark against which the
performance of our new optimality tests can be compared, both because they are in widespread
use and because they are easy to implement. Such regressions test directly if forecast errors are
orthogonal to variables contained in the forecaster’s information set. For a single forecast horizon,

h, the standard Mincer-Zarnowitz (MZ) regression takes the form:
Yi=ap+ /Bh?;ﬂt—h + Utlt—h; (18)

while forecast optimality can be tested through an implication of optimality that we summarize in

the following corollary to Theorem 1:

Corollary 7 Under the assumptions of Theorem 1 and S1, the population values of the parameters

in the Mincer-Zarnowitz regression in equation (18) satisfy
HSL cap, =008, =1, for each horizon h.

The MZ regression in (18) is usually applied separately to each forecast horizon. A simultaneous
test of optimality across all horizons requires developing a different approach. We next present two

standard ways of combining these results.
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3.1 Bonferroni bounds on MZ regressions

One approach, adopted in Capistrdn (2007), is to run MZ regressions (18) for each horizon, h =
h1, ..., hg. For each forecast horizon, h, we can obtain the p-value from a chi-squared test with two
degrees of freedom. A Bonferroni bound is then used to obtain a joint test. In particular, we reject
forecast optimality if the minimum p-value across all H tests is less than the desired size divided

by H, «/H. This approach is often quite conservative.

3.2 Vector MZ tests

An alternative to the Bonferroni-bounds approach is to stack the MZ equations for each horizon

and estimate the model as a system:

Yiin, Qpy 6h1 0 o - 0 }A/t+h1\t €%+h1

Yoty hy 0 By, O - 0 Vit halt h,

Yivng | = | ang [T 0O 0 B, -+ 0 Yirnge | ] €on, |- (19)
| Yirny | | Qhy | | 0 0 0 - Bn, |1 Yt+hH|t ] i egth ]

The relevant hypothesis is now

Hy ahl:"‘:O‘hH:()mBhl:"':/Bthl (20)

Hy @ ap #0U . Uap, #0UB, #1U...UB,, #1.

For h > 1, the residuals in (19) will, even under the null of optimality, exhibit autocorrelation
and will typically also exhibit cross-autocorrelation, so a HAC estimator of the standard errors is

required.

3.3 Univariate Optimal Revision Regression

We next propose a new approach to test optimality that utilizes the complete set of forecasts in
the context of univariate regressions. The approach is to estimate a univariate regression of the
target variable on the longest-horizon forecast, Yﬂt,h - and all the intermediate forecast revisions,

Nilhy har+s Melhg_1,hy- LO derive this test, notice that we can represent a short-horizon forecast as
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a function of a long-horizon forecast and the intermediate forecast revisions:

H-1

}/t|t7h1 = }/;‘/‘tth + Z nt‘hj7hj+1'
=1

Rather than regressing the outcome variable on the one-period forecast, we proposed the following

“optimal revision” regression:

H-1
Yi=a+ BuYij—ny + Z Bintn; nyan T Ut- (21)
=1

Corollary 8 Under the assumptions of Theorem 1 and S1, the population values of the parameters

in the optimal revision regression in equation (21) satisfy
Hy:a=0Nnp=...=8y =1

The regression in equation (21) can be re-written as the target variable on all of the forecasts,
from hq to hpg, and the parameter restrictions given in Corollary 8 are then that the intercept is
zero, the coefficient on the short-horizon forecast is one, and the coefficients on all longer-horizon
forecasts are zero.

This univariate regression tests both that agents optimally and consistently revise their forecasts
at the interim points between the longest and shortest forecast horizons and also that the long-run
forecast is unbiased. Hence it generalizes the conventional Mincer-Zarnowitz regression (18) which

only considers a single horizon.

3.4 Regression tests without the target variable

All three of the above regression-based tests above can be applied with the short-horizon forecast
used in place of the target variable. That is, we can undertake a Mincer-Zarnowitz regression of

the short-horizon forecast on a long-horizon forecast
Yyeon = 6+ B;Vye—n, + vyp, for all by > hy. (22)

Similarly, we get a vector MZ test that uses forecasts as target variables:

}/;f+h2|t+h2—1 d2 52 e 0 }/t—i-h2|t Ut|t—h2
= + + : (23)
Yt hyltrhy—1 amg 0 - By Yiihyle Utlt—hy
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And finally we can estimate a version of the optimal revision regression:

H-1
Vijtohy = &+ B Yijt—ng + D Billn; ey + Ut (24)
=2

The parameter restrictions implied by forecast optimality are the same as in the standard cases,

and are presented in the following corollary:

Corollary 9 Under the assumptions of Theorem 1 and S1, the population values of the parameters

in (a) Mincer-Zarnowitz regression by proxy in equation (22) satisfy
Hg cap=0nN Bh =1, for each horizon h > hq,

and (b) the population values of the parameters in the optimal revision regression by proxy, in

equation (24) satisfy

This result exploits the fact that under optimality (and squared error loss) each forecast can
be considered a conditionally unbiased proxy for the (unobservable) target variable, where the
conditioning is on the information set available at the time the forecast is made. That is, if
Yijene = Eing [Yi] for all hg, then E, [Yﬂt—hs} = E,_p, [Vi] for any hy > hg, and so the
short-horizon forecast is a conditionally unbiased proxy for the realization. If forecasts from multiple
horizons are available, then we can treat the short-horizon forecast as a proxy for the actual variable,
and use it to “test the optimality” of the long-horizon forecast. In fact, this regression tests the
internal consistency of the two forecasts, and thus tests an implication of the null that both forecasts

are rational.

4 Stationarity and Tests of Forecast Optimality (incomplete)

The literature on forecast evaluation conventionally assumes that the underlying data generating
process is covariance stationary. Under this assumption, the Wold decomposition applies and so

Vi = f(t,0) + Yo + Vi,

where f(t,6) captures deterministic parts (e.g. seasonality or trends); Yj represents the initial

condition and Y; is the covariance stationary component which has the Wold representation
t
Yo=Y b, (25)
i=0
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where ¢;_; ~ WN(0,1) is serially uncorrelated white noise and lim;_, 22:0 6? < co. Forecast
analysis often focuses on the covariance stationary component, Y;. If the underlying data is non-

stationary, typically stationarity is recovered by appropriately first- or second-differencing the data.

To see the role played by the covariance stationarity assumption, let ffti hlt—j = W18 minf,t s
}A/Hhﬁ,j)Q]. By optimality, we must have
El(Yeen = Ve )" = Bil(Yeen = V)% for j > 1. (26)
Then, by the law of iterated expectations,
E(Yirn = Yy )" = Bl(Yien = V)] forj > 1. (27)

This result compares the variance of the error in predicting the outcome at time ¢t 4+ h given
information at time t against the prediction error given information at an earlier date, t — j.
Usually, however, forecast comparisons are based on forecasts made at the same date, ¢, and hence
conditional on the same information set, F;, but for different forecast horizons, corresponding to

predicting Y;11; and Yy, given F;. Provided that (Yi44— Y,

Y t_j) 1s covarlance stationary, 1t

follows from (27) that
E[(Yitnts — Yivnj)?) = El(Yern — Yiip)?] for j > 1. (28)

The covariance stationarity assumption is clearly important here. (28) does not follow from (27)
if, say, there is a deterministic reduction in the variance of Y between periods t + h and ¢t + h + j.

Suppose for example that

+oe, forT<t+h
Y = : ’ ) (29)
p+ e, forr>t+nh

where e, is zero-mean white noise. This could be a stylized example of the “Great Moderation”.

Clearly (28) is now violated as Y = Yiine = 1o and so
2
o o o .
El(Yiths — Y;f—&—h—i-j|t)2] - <o’= El(Yi4n — Yt+h|t)2] for j > 1. (30)

For example, in the case of the Great Moderation, which is believed to have occurred around 1984,
a one-year-ahead forecast made in 1982 (i.e. for GDP growth in 1983, while volatility was still
high) could well be associated with greater errors than, say, a three-year-ahead forecast (i.e. for

GDP growth in 1985, after volatility has come down).

3Notice here that the expectation, E[], is taken under the assumption that we know the break in the variance

since this is assumed to be deterministic.
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4.1 Fixed event forecasts

Under covariance stationarity, studying the precision of a sequence of forecasts Yt\t—h is equivalent
to comparing the precision of Yt+h|t for different values of h. However, this equivalence need not
hold when the predicted variable, Y;, is not covariance stationary. One way to deal with non-
stationarities such as the break in the variance in (29) is to hold the forecast ‘event’ fixed, while
varying the time to the event, h. In this case the forecast optimality test gets based on (27) rather
than (28). Forecasts where the target date, t, is kept fixed, while the forecast horizon varies are
commonly called fixed-event forecasts, see Clements (1997) and Nordhaus (1987).

To see how this works, notice that, by forecast optimality,
Epng(Ye = Yiion,)’] 2 Beong[(Ye = Y )] for hy > hs. (31)
Moreover, by the law of iterated expectations,
E((Y: = Yy, )*] 2 E[(Ys = Yfjy_p,)?] for by, > hs. (32)

This result is quite robust. For example, with a break in the variance, (29), we have YtTt—hL =

}/tTt—hS =K and

El(Y,=Y' V] =E[(Y,—Y _, )?] = o forr<t+h

T|T—hL T|T—hsg

0%/4 forT>t+h

As a second example, suppose we let the mean of a time-series be subject to a probabilistic
break that only is known once it has happened. To this end, define an absorbing state process,

sr € Fr, such that so = 0 and Pr(s; = 0]s,—; = 0) = 7 for all 7. Consider the following process:
Yr =+ 58, + (0 +5:80)er, g7~ (0,1).

Suppose we condition on s;_p =0, s;_p+1 = 1, so the permanent break happens at time t — h + 1.

Then

- p+mA,  forj>nh

tt—j = , ’
p+A, forj<h-—1

and so we have the expected loss

. (1-7)2A2 + (0 +A,)2 forj>h
Ey5[(Y: - t|t—j)2] = 8 .
(04 Ay)? for j<h-1
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Once again, monotonicity continues to hold for the fixed-event forecasts, i.e. for hy > hg and for
all ¢
El(Yi = Yijyp, )" 2 BI(Yi = Vi)

4.2 A general class of non-stationary processes

Provided that a fixed-event setup is used, we next show that the variance bound results pertain to
a more general class of stochastic processes that do not require covariance stationarity.

Assumption S2: The target variable, Y;, is generated by
o0
Y, = f(t,0) + Z Oitet—i- (33)
i=0

where f(t,0) captures deterministic parts (e.g. seasonality or trends), Yp represents the initial
condition, &; ~ WN(0,02?) is serially uncorrelated mean-zero white noise, and, for all ¢, 0; is a
sequence of deterministic coefficients such that $"° 0% < oo for all ¢.

Assumption S1 (covariance stationarity) is sufficient for S2, and further implies that the coeffi-
cients in the representation are not functions of t, i.e., 8;; = 0; Vt. However Assumption S2 allows
for deviations from covariance stationarity that can be modeled via deterministic changes in the
usual Wold decomposition weights, ;. For example, it may be that, due to a change in economic
policy or the economic regime, the impulse response function changes after a certain date. For the
example in (29), we get

o fort<t+h
907':

)

) (34)
forr>t+h

N[Q

while 6; - = 0 for all 7 > 1.
It is possible to show that the natural extensions of the inequality results established in Corol-

laries 1, 2, 3, 4 and 5 also hold for this class of processes:
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Proposition 1 Define the following variables

o 1L 2
MSEr(h) = > MSEi(h), where MSE,(h)=E (Y;— tH)
t=1
1 T
MSFr(h) = 7> MSF(h), where MSF,(h) = E[Yﬂt h]

T
Cr (h) %Z C¢(h), where Cy(h)=FE [ i hY}}

t=1
T
1
MSFRy (hs,hs) = =Y MSFR,(h), where MSFRt(hs,hL)EE[nahS,hL}
t=1
Br(h) = —ZBt , where By (hs,hL)EE[Y;&nﬂhg,hL}

Under the conditions of Theorem 1 and S2, for any hs < hpyr < hp we then obtain the following :

(a) MSEr (hs) < MSE7 (h)

(b) MSFr (hs) > MSFr (hz)

(c) Cr(hs) > Cr (hr)

(d)  MSFRy (hs,har) < MSFRy (hs, hy)
(e) MSFRr (hs, hr) < 2Br (hs, hr)

The inequalities for averages of unconditional moments presented in Proposition 1 can be
tested by drawing on a central limit theorem for heterogeneous, serially dependent processes, see
Wooldridge and White (1988) and White (2001) for example. The following proposition provides

conditions under which these quantities can be estimated.

Proposition 2 Define

dht = (Y;‘/_ AtTt_h)2_ (Y%_ AtTt_( — )2; fOTh:hQ,...,hH
T
d; = [doy,....d), Ar=—= Zd Vi =V \}T;dgl

Then assume: (i) dy = A+ €, fort=1,2,...., A€ R¥71; (ii) € is a mizing sequence with either
¢ of size —r/2(r—1), r > 2 or a of size —r/(r—2), r > 2; (iii) Ele] = 0 fort = 1,2,...;(iv)
Elled]"] < C < o0 fori=1,2,... H —1; (v) Vp is uniformly positive definite; (vi) There exists a
Vi that is symmetric and positive definite such that Vi — Vip —P 0. Then:

VT_I/Q\/T(AT—A) = N(0,I) asT — oo.
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Thus we can estimate the average of unconditional moments with the usual sample average, with
the estimator of the covariance matrix suitably adjusted, and then conduct the test of inequalities

using Wolak’s (1989) approach.

4.3 Model misspecification

A natural question to ask is whether the forecast optimality tests presented so far are really tests of
forecast optimality or, rather, test that forecasters use consistent models in updating their forecasts
as the horizon changes. As we indicated earlier, the optimality tests that rely exclusively on the
forecasts—and thus exclude information on the outcome variable—test for consistency in forecasters’
revisions. This raises the question whether our tests are valid if forecasters use different and possibly
misspecified models at different horizons—a situation that might arise if forecasters use the ‘direct’
approach of fitting separate models to each forecast horizon as opposed to the ‘iterated’ approach
where a single model is fitted to the shortest horizon and then iterated on to obtain multi-step
forecasts.

The variance bounds remain valid in situations where forecasters use misspecified models. They
require, however, that forecasters realize if they are using a suboptimal short-horizon model whose
predictions are dominated by the forecasts from a long-horizon model. Consider, for example,
the hypothetical situation where the (misspecified) one-step forecasting model delivers less precise
forecasts than, say, a two-step forecasting model. The variance bound results then require that
forecasters realize this and either switch to using the two-period forecasts outright (as in the
example below) or improve upon their one-step forecasting model.

To illustrate this, consider a simple MA(2) specification:*

}/;f =&+ 9515—27 (35>

where g; ~ (0,02) is white noise, and suppose that forecasters generate h—step forecasts by re-

gressing Y; on Y;_p. In particular, one-period forecasts are based on the model
Yi = B1yi-1 + .

It is easily verified for this process that plim(3;) = 0, so ?ﬂt_l =0, and E[(Yt—ffm_l)Q] = 02(1+6?).

4We are grateful to Ken West for proposing this example.
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Turning next to the two-period forecast horizon, suppose the forecaster regresses Y; on Y; o,
}/t - 52}/;5—2 + Uy,

where plim(B,) = 6/(1 + 6%). This means that }A/ﬂt_z =0(ci—2 + 0214)/(1 +62), s0

0(1+6%) — 0 e 2
<€t + Qﬁt—z 5t—4>

El(Y, - Y 9)?% = E —
[(t t|t 2)] 1+02 1+92

0% + 9% o*
7 ( 1+6%2) 7 1+ 62

It is easily seen that, in this case,

E[(Y: — Yij—2)?] < E[(Y; — Yy1)?],

seemingly in contradiction of the MSE inequality (2). The reason the MSE inequality fails in this
example is that optimizing forecasters should realize, at time ¢t —1, that they are using a misspecified
model and that in fact the forecast from the previous period, Ym_g, produces a lower MSE. Hence,
in this example a better forecast at time ¢ — 1 is ﬁ‘t_lz Yﬂt_g = O(er_o + O4_4)/(1 + 6%).

Notice also that the mean squared forecast variance bound (6) is violated here since
var(Vigp_1) = 0 < var(Viy_s) = 020/(1 + 0%).

Thus, clearly the forecaster in this example is not producing optimal forecasts.

This example also illustrates that our variance bounds can be used to identify suboptimal
forecasts and hence help to improve on misspecified models.

In some special situations, by virtue of being weak inequalities, the variance inequality tests
may not have power to detect a sub-optimal forecast. This situation arises, for example, when all
forecasts are constant, i.e. ?ﬂt—h = ¢ for all h. For this “broken clock” forecast, MSE-values are
constant across horizons, forecast variances are zero as are the forecast revisions and the covariance
between forecasts and actual values. This is a very special case, however, that rules out any

variation in the forecast and so can be deemed empirically irrelevant.

5 Monte Carlo Simulations

There is little existing evidence on the finite sample performance of forecast optimality tests, par-

ticularly when multiple forecast horizons are simultaneously involved. Moreover, we have proposed
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a set of new optimality tests which take the form of bounds on second moments of the data and

require using the Wolak (1989) test of inequality constraints which also has not been widely used

5

so far.® For these reasons it is important to shed light on the finite sample performance of the

various forecast optimality tests. Unfortunately, obtaining analytical results on the size and power
of these tests for realistic sample sizes and types of alternatives is not possible To overcome this,
we use Monte Carlo simulations of a variety of different scenarios.We next describe the simulation

design and then present the size and power results.

5.1 Simulation design

To capture persistence in the underlying data, we consider a simple AR(1) model for the data

generating process:

Yo = py+¢(Yier —py) fe, t=1,2,.,T =100 (36)

er ~ did N (0,02).
We calibrate the parameters to quarterly US CPI inflation data:
¢ =0.5, oo =05, p, = 0.75.
Optimal forecasts for this process are given by:

t>|kt7h = B[V

= IU/y + ¢h (K*h - :uy)

We consider all horizons between h =1 and H, and weset H € { 4, 8 }.

5.1.1 Measurement error

The performance of optimality tests that rely on the target variable versus tests that only use
forecasts is likely to be heavily influenced by measurement errors in the underlying target variable,

Y;. To study the effect of this, we assume that the target variable, Y}, is observed with error, Uy

Y, =Y, + ¢y, ¢t~iidN(Oqu2p)-

®One exception is Patton and Timmermann (2009) who provide some evidence on the performance of the Wolak

test in the context of tests of financial return models.
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We consider three values for the magnitude of the measurement error, oy, calibrated relative to
the standard deviation of the underlying variable, o, namely (i) zero, o, = 0 (as for CPI); (ii)

medium, oy /0, = 0.65 (as for GDP growth first release data);® and (iii) high, oy /0y = 1.

5.1.2 Sub-optimal forecasts

To study the power of the optimality tests, we consider a variety of ways in which the forecasts can
be suboptimal. First, we consider forecasts that are contaminated by the same level of noise at all
horizons:

Yieen = Vi p + 0cnZia—n, Zign ~ iid N (0,1),

where ¢, = 0.650, for all h and thus has the same magnitude as the medium level measurement
€error.

Forecasts may alternatively be affected by noise whose standard deviation is increasing in the
horizon, ranging from zero for the short-horizon forecast to 2 x 0.650, for the longest forecast

horizon (H = 8):
2(h—1)

—— X 0.650y, for h=1,2. . H<8.

O’é’h =
Forecasts affected by noise whose magnitude is decreasing in the horizon (from zero for h = 8 to
2 x 0.650, for h = 1) take the form:

2(8— h)

7 x 0.650y, for h=1,2,.... H <8.

O-£7h =

Finally, consistent with example 3 we consider forecasts with either “sticky” updating or, con-

versely, “overshooting”:
Yt|t—h = ’YYtTt_h +(1- ’V)YtTt—h_p for h=1,2,...,H.

To capture “sticky” forecasts we set v = 1/2, whereas for “overshooting” forecasts we set
v = 1.5.
Tests based on forecast revisions may have better finite-sample properties than tests based on

the forecasts themselves, particularly when the underlying process is highly persistent.

’The “medium” value is calibrated to match US GDP growth data, as reported by Faust, Rogers and Wright
(2005).
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5.2 Results from the simulation study

Table 1 reports the size of the various tests for a nominal size of 10%. Results are based on 1,000
Monte Carlo simulations and a sample of 100 observations. The variance bounds tests are clearly
under-sized, particularly for H = 4, where none of the tests have a size above 4%. In contrast, the
MZ Bonferroni bound is over-sized.” The vector MZ test is also hugely oversized, while the size
of the univariate optimal revision regression is close to the nominal value of 10%. Because of the
clear size distortions to the MZ Bonferroni bound and the vector MZ regression, we do not further
consider those tests in the simulation study.

Turning to the power of the various forecast optimality tests, Table 2 reports the results of our
simulations, using the three measurement noise scenarios (constant, increasing and decreasing noise)
and the sticky updating and overshooting schemes, respectively. In the first scenario with equal
noise across different horizons (Panel A), neither the MSE, MSF, MSFR or decreasing covariance
bounds have much power to detect deviations from forecast optimality. This holds across all three
levels of measurement error. In contrast, the covariance bound on forecast revisions has excellent
power to detect this type of deviation from optimality —close to 100%—particularly when the short-
horizon forecast, ﬁ‘t,l, which is not affected by noise, is used as the dependent variable.® The power
is somewhat weaker when the covariance bound test is adopted on the actual variable, although it
improves by roughly 10% when the measurement error is reduced from the high value to zero. The
univariate optimal revision regression (21) also has excellent power properties, particularly when
the dependent variable is the short-horizon forecast.

The scenario with additive measurement noise that increases in the horizon, h, is ideal for the
decreasing MSF test since now the variance of the long-horizon forecast is artificially inflated in
contradiction of (6). Thus, as expected, Panel B of Table 2 shows that this test has very good power
under this scenario: 42% in the case with four forecast horizons, rising to 100% in the case with
eight forecast horizons. The MSE and MSFR bounds have zero power for this type of deviation

from forecast optimality. The covariance bound based on the predicted variable has power around

"Conventionally, Bonferroni bounds tests are conservative and tend to be undersized. Here, the individual MZ
regression tests are even more oversized than shown here, so the Bonferroni bound leads to a reduction in the size of

the test which is still oversized.
8The covariance bound (14) works so well because noise in the forecast increases E[nf“LS’hL} without affecting

ElYinyng n, |, thereby making it less likely that E[Yin,, 5, — nf‘hs?hL] > 0 holds.
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15% when H = 4, which increases to a power of 90-95% when H = 8. The covariance bound with
the actual value replaced by the short-run forecast, (16), has the highest power among all tests,
with power of 70% when H = 4 and power of 100% when H = 8. This is substantially higher than
the power of the univariate optimal revision regression test (21) which has power close to 10-15%
when conducted on the actual values and power of 60% when the short-run forecast is used as the
dependent variable. ?

Panel C of Table 2 shows that the scenario with noise in the forecast that decreases as a function
of the forecast horizon, h, gives rise to high power for the increasing MSE test and also for the MSFR
test with power again being much higher when H = 8 compared to when H = 4. However, once
again the covariance bound test and the univariate optimal revision regression (21) have superior
power.

The univariate optimal revision regression (21) and the covariance bound test have stronger
power in the scenarios with noise that is either constant or decreasing in the forecast horizon, h,
because the precision of the forecasts is much better at short horizons. Hence, the greater the noise
that is added to the short horizon forecasts, the better these tests are able to detect inefficiency of
the forecast.

The next scenario assumes sticky updating in the forecasts. In this case, shown in Panel D
of Table 2, only the univariate optimal revision regression (21) seems to have much power to
detect deviations from a fully rational forecast. The power lies between 27% and 60% for this test
when the regression is based on the actual variable, and grows stronger as a result of reducing the
measurement error from the high value to zero. Interestingly, power is close to 100% when the
univariate optimal revision regression is based on the short-term forecasts.

In the final scenario with overshooting, shown in Panel E of Table 2, none of the tests has
particularly high power. However, the univariate optimal revision regression dominates with power
ranging between 23% and 58%, depending on the level of the measurement error and on how
many horizons are included. In this case power is actually stronger, the fewer constraints (H) are
considered.

We also consider using a Bonferroni bound to combine various tests based on actual values,

forecasts only or all tests. Results for these tests are shown at the bottom of tables 1 and 2.

9For this case, Yﬂt,;LH is very poor, but this forecast is also very noisy and so deviations from rationality can be

relatively difficult to detect.
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In all cases we find that the size of the tests falls well below the nominal size, as expected for
a Bonferroni-based test, although the power seems to be quite high and comparable to the best
among the individual tests.

In conclusion, viewed across all four scenarios, the covariance bound test performs best among
all the second-moment bounds. Interestingly, it generally performs much better than the MSE
bound which is the most commonly known variance bound. Among the regression tests, excellent
performance is found for the univariate optimal revision regression, particularly when the test uses
the short-run forecast as the dependent variable. This test tends to have superior power properties
and performs well across most deviations from forecast efficiency. Either the covariance test or
the univariate optimal revision regression have the highest power in all the experiments considered
here with the covariance bound test being best in the realistic case where the noise in the forecasts
increases with the horizon. Bonferroni bound tests conducted on the regression and second moment

tests are also found to have good properties, pooling the information across various individual tests.

6 Empirical Application

As an empirical illustration of the forecast optimality tests, we next evaluate the Federal Reserve
“Greenbook” forecasts of GDP growth, the GDP deflator and CPI inflation. Data are from Faust
and Wright (2009), who carefully extracted the Greenbook forecasts and actual values from real-
time Fed publications.!” We use quarterly observations of the target variable over the period from
1982Q1 to 2000Q4. Forecasts begin with the current quarter and run up to eight quarters ahead
in time. However, since the forecasts have many missing observations at the longest horizons and
we are interested in aligning the data in “event time”, we only study horizons up to five quarters,
ie, h=0,1,2,3,4,5. A few quarterly observations are missing, leaving a total of 69 observations.

Empirical results are reported in Table 3. The key findings are as follows. For GDP growth
we observe a strong rejection of internal consistency via the univariate optimal revision regression
that uses the short-run forecast as the target variable, (24), and a mild violation of the increasing
mean-squared forecast revision test, (11).

Turning to the GDP deflator, we find that several tests reject forecast optimality. In particular,

the tests for a decreasing covariance, the covariance bound on forecast revisions, a decreasing

10%We are grateful to Jonathan Wright for providing the data.
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mean squared forecast, and the univariate optimal revision regression test all lead to rejections.
Figure 1 illustrates the rejection of the variance bound based on the forecasts and shows that, in
contradiction with (6) the MSF is not weakly decreasing in the horizon, h. In fact, the MSF is
higher for h = 5 than for h = 0.

Finally, for the CPI inflation rate we find a violation of the bound on the variance of the
revisions, (11), and a rejection through the univariate optimal revision regression.

For all three variables, the Bonferroni-based combination test rejects multi-horizon forecast
optimality at the 5% level. The type of rejections gives some clues as to possible sources of sub-
optimality.

The source of some of the rejections of forecast optimality is further illustrated in Figures 1-3.
For each of the series, Figure 1 plots the mean squared errors and variance of the forecasts on
top of each other. Under the null of forecast optimality, the forecast and forecast error should
be orthogonal and the sum of these two components should be constant across horizons. Clearly,
this does not hold here, particularly for the GDP deflator and CPI inflation series. As shown
in Figure 2—which plots the mean squared error and forecast variances separately—the variance
of the forecast in fact increases in the horizon for the GDP deflator, and it follows an inverse
U—shaped pattern for CPI inflation, both in apparent contradiction of the decreasing forecast
variance property established earlier.

Figure 3 plots mean squared errors and mean squared forecast revisions against the forecast
horizon. Whereas the mean squared forecast revisions are mostly increasing as a function of the
forecast horizon for the two inflation series, for GDP growth we observe the opposite pattern,
namely a very high mean squared forecast revision at the one-quarter horizon, followed by lower
values at longer horizons. This is the opposite of what we would expect and so explains the (weak)
rejection of forecast optimality for this case.

The Monte Carlo simulations are closely in line with our empirical findings. Rejections of
forecast optimality come mostly from the covariance bound (14), (16) and the univariate optimal
revision regressions (21), (24). Moreover, for GDP growth, rejections tend to be stronger when
only the forecasts are used. This makes sense since this variable is likely to be most affected by

data revisions and measurement errors.
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7 Conclusion

In this paper we propose several new tests of forecast optimality that exploit information from
multi-horizon forecasts. Our new tests are based on (weak) monotonicity properties of second
moment bounds that must hold across forecast horizons and so are joint tests of optimality across
several horizons. We show that monotonicity tests, whether conducted on the squared forecast
errors, squared forecasts, squared forecast revisions or the covariance between the target variable
and the forecast revision can be restated as inequality constraints on regression models and that
econometric methods proposed by Gourieroux et al. (1982) and Wolak (1987, 1989) can be adopted.
Suitably modified versions of these tests conducted on the sequence of forecasts or forecast revisions
recorded at different horizons can be used to test the internal consistency properties of an optimal
forecast, thereby side-stepping the issues that arise for conventional tests when the target variable
is either missing or observed with measurement error.

Simulations suggest that the new tests are more powerful than extant ones and also have better
finite sample size. In particular a new covariance bound test that constrains the variance of forecast
revisions by their covariance with the outcome variable and a univariate joint regression test that
includes the long-horizon forecast and all interim forecast revisions generally have good power to
detect deviations from forecast optimality. These results show the importance of testing the joint
implications of forecast rationality across multiple horizons when data is available. An empirical
analysis of the Fed’s Greenbook forecasts of inflation and output growth corroborates the ability
of the new tests to detect evidence of deviations from forecast optimality.

Our analysis in this paper assumed squared error loss. However, many of the results can be
extended to allow for more general loss functions with known shape parameters. For example,
the MSE bound is readily generalized to a bound based on non-decreasing expected loss as the
horizon grows, see Patton and Timmermann (2007a). Similarly, the orthogonality regressions can
be extended to use the generalized forecast error, which is essentially the score associated with the
forecaster’s first order condition, see Patton and Timmermann (2010). Allowing for the case with
a parametric loss function but unknown (estimated) parameters is more involved and is a topic we

leave for future research.
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8 Appendix: Proofs

and that Y*

Proof of Corollary 1. By the optimality of fft* Hi—hy,

[t—hs

. 2 . 2 o . 2 . 2
By, [(Yt ~ Vi) ] <E, [(Yt - Vi) ] which implies £ [(Y; ~ Vi) ] <E [(Y; ~ Vi) ]
by the LIE, and so MSE (hg) < MSE (hy). m

€ Fi—ng we have

Proof of Corollary 2. Forecast optimality under MSE loss implies YtTt—h = E;_p [Yy]. Thus
E [eat—h] =FE_, [Yt — Y;Tt_h} = 0, which implies F [ez“t_h} =0 and Cov [YtTt_h, e;‘|t_h} =0,
andso VY] =V [Ytthh} +E [e:ﬁih} ,orV [}A/;\ktfh} =VIY]-FE [e;"ﬁfh] . Corollary 1 showed that
E [e;ﬁ_ 5| is weakly increasing in h, which implies that V' YtTt_ 5| must be weakly decreasing in h.
G

Finally, note that V [YtTt—h} =F [Y*Q t|t—h

t|t—h
E[Y). Thusif V[V,

| -2 ¥, | - WP, since B[V, | =

5| 18 weakly decreasing in h we also have that £ Y2

Hieh is weakly decreasing

inh m

Proof of Corollary 3. As used in the above proofs, forecast optimality implies Cov [YtTt_ B e;‘| — h} =
0 and thus Cov [f/;’rt_h,Yt} = Cov [)ﬁ_h,ﬁ";_h + e;“t_h} =V [f/;"‘t_h] . Corollary 2 showed that
v [}A/;TF h} is weakly decreasing in h, and thus we have that Cov [?}th o Y}} is also weakly decreasing
. . O O sk O sk Ok 2
in h. Further, since Cov |V, , . i| = B[V, vi| — B [V5,_, | BV = B [, Y| - BV,

we also have that F [Y*

i hSY} is weakyl decreasing in h. =

Proof of Corollary 4. Nilhs by = Y/tthhS — ?;Iﬁtth = NMilhg,hy = (Y/tthhS _?;&thhM> +
(Yt’l‘t_hM — YtTt—hL) = Nihg,har T Mejhas,hy - Under the assumption that hg < hay < hr note that
Ei_h,, {nﬂhsth} = FEipy, {}A/;Tt—hs — ?;Tt—hj\l:| = 0 by the law of iterated expectations. Thus
Cov [nt\hs,hManﬂhM,hL} = 0 and so V {nt\hs,hL] =V [nt|h5,hM] +V [nﬂhM,hL} >V [nt|h5,hM} :
Further, since Fy_y, [nt|h,k} = 0 for any h < k we then have E [nt|h,k] =0 and thus F |:n§|h57hL

2
E |:nt|h57h]b1:| - ;
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Proof of Corollary 5. For any hg < hp, Corollary 1 showed

Y

14 Yt - AtTt—hg}

VIV +V [Vig] = 2000 [V Vi

1% :At"‘t_hs} —2Cov [%fffft—hs]

Vv :}A/tthhL + Ut\hs,hL} —2Cov [Yt» ?}Tt—hL + nt|hS,hL:|
14 :}AftTt*hL:| +V [nt\hsth}

—2Cov {YbﬁTt—hJ —2Cov [Y},nﬂh&hL] :

VY- Vi,

so V[ |+V {AtTt—hL] —2Cov [YtafﬁTt_hL}

Y

and V [AtTt_hL] —2Cov [Y},}A/t]‘t_hL}

v

Thus V |:77t‘hs’hL:| < 2Cov [)/;fvnt|hs,h[,:| - n

Proof of Corollary 6. (a) Let h < k, then Cov | Vi, . Vi, .| = Cov |V, o ¥y +mni| =
V [Yt""t_k}, since Cov [Y;Tt_kanﬂh,k] = 0. From Corollary 2 we have that V' [Yt"“t_k} is decreasing

in k£ and thus C'ov [Y* v } is decreasing in k. Since E [Y* } = EV [Yy] for all k, thus also

tlt—k> Lt[t—h tlt—k
implies that F {?ﬂt—k}}{\kt—h} is decreasing in k.
(b) From Corollary 5 we have V/ [Wt\hM,hL} < 2Cov [Yt, 77t|hM,hL] = 2Cov [YtTt—hs + 6:|t—hs’nt|hN17hL
2Cov [YtTt—hsvntth,hL} since Cov {e:\t—hs’nt\thhL} = 0. Further, since E 77t|hM7hL] = 0 this also

. . 2 ¥ *
implies that F |:nt|hju,hL:| <2F [Yﬂt,hsﬁt\hM,hL} . n

Proof of Corollary 7. The population value of 3, is Cov [Yﬂt,h, Y}} JV [Y}‘t,h} , which under
optimality equals 3;, = Cov [}%&thmyt} A% [)A/;Ttih} = Cov [f@thh,fftthh + e;“tih} /V [fftthh} =
174 [Yt"*t_h} /V [YtTt—h} = 1. The population value of «j under optimality equals aj, = E[Y;] —

B [V, 1| = BVl = B [¥,_,] = 0 by the LIE since ¥y, , = By [¥i] . m

Proof of Corollary 8. First, we re-write the regression in equation (21) as a function of the

individual forecasts, using the fact that 7y hyjhji1 = Yt‘t_ hy — ff;“_h

1 1
Yi = a+ BH}A/ﬂtth + 54 (i/;t\tfhl - }A/t|t7h2) + B2 (Yﬂtfhg - Yt\tfh3> + ..
+Br-1 (Yt\t—h,{,l - ﬁ\t—hH> + wg
= a+ Blytlt—hl + (B2 = B1) Yt|t—h2 + ..t By — Bu_1) Y/;t|t—hH
= o+ MYyn + X Yiny + oo+ A Yieony
We next use the Frisch-Waugh-Lovell theorem (see Davidson and MacKinnon, 1993, for example)

to show that A = 1 and @ = Ao = ... = Ay = 0. Under the null of forecast optimality we
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have Y*

tlt—hy (without a constant).

= Ey_p, [Y]. Consider a first-stage regression of Y; on Yt|t I
Following the steps in the proof of Corollary 7, this yields a coefficient of one, and regression

=Y, -V,

*
residuals are e Hi—hg

Hlt—hg . Next consider a regression of Y, | t—p, OD tth hy (again without
a constant) for each j = 2,3, ..., H, and let the slope coefficients from these regressions be denoted
7,- Finally consider a regression of the residuals from the first regression on the matrix of residuals

from the latter H — 1 regressions, namely:

e:\t—hl = 0o + 02 (Y{"}_M - 72YtTt—h1) + ..+ (YtTt—hH — ’YHY;STt—hl) + &,

Since forecast optimality implies E;_p, [eatihl} = 0, we then have §g = do = ... = dg = 0. By
the Frisch-Waugh-Lovell theorem we know that dg = «, d5 = Ao, ..., 0 = Ag. Thus the population
values of (a, Ag,..,A\fr) are zero, and the population value of A; is thus one. This implies that

a=0, g;=1,0,=1,..Bg =1, as claimed. m

Proof of Corollary 9. (a) Under optimality, 8, = Cov [}Aft’rt Iy ,}A/tTt b } /V[ i h} =

Cov[t\t h; T Mejha by Yy t|t h]/v[ﬂt h} _V[t|t h}/v[ﬂt h} =1, anda—E[YtTt h}_
5E[t\th}:E[m—E[m:0-

(b) Follows using the same steps as the proof of part (b) of Corollary 8, noting that Y, t‘ by =

By [Yi] = Euoy [V, | by the LIE, and that B, [V, = Vi, | = B [1gnn] = 0.

Proof of Proposition 1. Throughout the proof we will use the fact that
o0 [e.e]
F0)+> 9it€t—i] =f(t0)+ > Oucri
i=0 i=h

* J—
and et|t—h = t‘t h — E Q’Ltgt %

Atthh = B[l =Ein

(a) From above we have

h—1 h—1
E |:6:I%7hi| = V [e:‘tih} = V Z Hitgt—i] = O-g Z 912t
=0 =0
hp—1 hs—1 hr—1
2 %2 2 2 _ 2 2
thus £ [et|t—hL] - B [et\t—hs} = O Z O — Z 0 = o Z 03
i=0 i=hg

which implies that MSE; (hg) < MSE; (hy) for all t. This further implies that

T T
___ 1 1 __
AJSETUW)EZFE:AJSEAhS)gi;E MSE; (h) = MSEy (hy) for all T.
t=1 t=1
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The proofs of (b)-(e) all follow similar extensions as used in part (a) and are omitted in the interests

of brevity. =

Proof of Proposition 2. Follows from Exercise 5.21 of White (2001). m
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Table 1: Monte Carlo simulation of size of the inequality tests
and regression-based tests of forecast optimality

H=4 H=28
Meas. error variance: High Med Zero High Med Zero
Inc MSE 1.9 1.7 1.1 78 64 8.3
Dec COV 1.1 1.1 0.8 84 7.3 7.2
COV bound 22 1.2 0.4 23 14 0.8
Dec MSF 21 21 2.1 53 5.3 5.3
Inc MSFR 04 04 0.4 55 5.5 5.5
Dec COV, h=1 09 09 0.9 6.4 6.4 6.4
COV bound, h=1 36 3.6 3.6 4.6 4.6 4.6
Inc MSE & Dec MSF 1.5 1.3 0.8 8.3 8.2 9.1
Inc MSE & Inc MSFR 1.1 08 0.6 72 6.7 6.5
Univar MZ, Bonferroni 13.8 15.0 17.8 19.5 194 20.3
Univar MZ, Bonferroni, h=1 16.0 16.0 16.0 19.2 19.2 19.2
Vector MZ 39.8 38.0 31.2 63.0 62.0 58.8
Vector MZ, h=1 25.2 252 252 52.4 524 524
Univar opt. revision regr. 11.3 115 11.0 124 11.8 11.0
Univar opt. revision regr., h=1 12.0 12.0 12.0 11.3 11.3 11.3
Bonf, using actuals 39 4.2 3.6 74 7.6 8.0
Bonf, using forecasts only 3.0 3.0 3.0 6.6 6.6 6.6
Bonf, all tests 3.6 3.5 2.2 76 7.5 6.2

Notes: This table presents the outcome of 1,000 Monte Carlo simulations of the size of various
forecast optimality tests. Data is generated by a first-order autoregressive process with parameters
calibrated to quarterly US CPI inflation data, i.e. ¢ = 0.5, ag = 0.5 and p, = 0.75. We consider
three levels of error in the measured value of the target variable (high, median and zero). Optimal
forecasts are generated under the assumption that this process (and its parameter values) are known
to forecasters. The simulations assume a sample of 100 observations and a nominal size of 10%.
The inequality tests are based on the Wolak (1989) test and use simulated critical values based on
a mixture of chi-squared variables. Rows with ‘h = 1’ refer to cases where the one-period forecast
is used in place of the predicted variable.
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Table 2: Monte Carlo simulation of power of the inequality tests
and regression-based tests of forecast optimality

Meas. error variance: High Med  Zero High Med Zero

PANEL A: FEqual noise across all forecast horizons

Inc MSE 7.5 6.8 6.8 13.4 124 126
Dec COV 7.3 6.4 6.1 13.0 13.5 122
COV bound 73.7 79.6 83.2 74.8 787 83.3
Dec MSF 5.8 5.8 5.8 15.0 15.0 15.0
Inc MSFR 9.9 9.9 9.9 148 148 148
Dec COV, h=1 8.9 8.9 8.9 15.4 154 154
COV bound, h=1 98.0 98.0 98.0 99.1 99.1 99.1
Inc MSE & Dec MSF 7.8 7.6 6.9 27.3  26.7 26.0
Inc MSE & Inc MSFR 8.2 7.3 7.0 23.4 233 23.0
Univar opt. revision regr. 91.9 98.1 99.6 8.3 959 99.0
Univar opt. revision regr., h=1 100.0 100.0 100.0 100.0 100.0 100.0
Bonf, using actuals 83.4 94.0 98.5 78.7 89.8 96.7
Bonf, using forecasts only 100.0 100.0 100.0 99.9 99.9 99.9
Bonf, all tests 100.0 100.0 100.0 100.0 100.0 100.0

Notes: This table presents the outcome of 1,000 Monte Carlo simulations of the size of various
forecast optimality tests. Data is generated by a first-order autoregressive process with parameters
calibrated to quarterly US CPI inflation data, i.e. ¢ = 0.5, 02 = 0.5 and p,, = 0.75. We consider
three levels of error in the measured value of the target variable (high, median and zero). Optimal
forecasts are generated under the assumption that this process (and its parameter values) are known
to forecasters. Power is then studied against sub-optimal forecasts obtained as follows: A: forecasts
are contaminated by the same level of noise across all horizons; B: forecasts are contaminated by
noise that increases in the horizon; C: forecasts are contaminated by noise that decreases in the
horizon; D: Forecasts are updated in a sticky manner; E: forecasts overshoot their optimal values.
The simulations assume a sample of 100 observations and a nominal size of 10%. Rows with ‘h =1’
refer to cases where the one-period forecast is used in place of the predicted variable.
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Table 2: Monte Carlo simulation of power of the inequality tests
and regression-based tests of forecast optimality

H=14 H=238
Meas. error variance: High Med  Zero High Med Zero
PANEL B: Noise increases with the horizon
Inc MSE 0.2 0.2 0.0 0.0 0.0 0.0
Dec COV 3.3 3.0 2.8 13,5 128 12.2
COV bound 129 145 149 90.7 933 95.2
Dec MSF 42.3 423 423 100.0 100.0 100.0
Inc MSFR 0.0 0.0 0.0 0.0 0.0 0.0
Dec COV, h=1 4.9 4.9 4.9 129 129 129
COV bound, h=1 69.2 69.2 69.2 100.0 100.0 100.0
Inc MSE & Dec MSF 25.5 253  23.2 99.8 99.8 99.8
Inc MSE & Inc MSFR 0.2 0.0 0.0 0.0 0.0 0.0
Univar opt. revision regr. 117 123 119 13.1 136 129
Univar opt. revision regr., h=1 63.6 63.6  63.6 54.6 54.6  54.6
Bonf, using actuals 7.9 9.2 9.2 80.1 84.1 86.6
Bonf, using forecasts only 63.0 63.0 63.0 100.0 100.0 100.0
Bonf, all tests 54.7  54.7 544 100.0 100.0 100.0
PANEL C: Noise decreases with the horizon
Inc MSE 71.3 79.8 87.1 100.0 100.0 100.0
Dec COV 6.7 5.8 6.1 13.6 125 13.1
COV bound 99.5 99.8 999 99.5 99.8 99.9
Dec MSF 0.4 0.4 0.4 0.1 0.1 0.1
Inc MSFR 55.9 55.9 559 100.0 100.0 100.0
Dec COV, h=1 10.6  10.6  10.6 176 176 176
COV bound, h=1 99.8 99.8 99.8 99.2 99.2  99.2
Inc MSE & Dec MSF 50.8 59.6  69.1 100.0 100.0 100.0
Inc MSE & Inc MSFR 79.6 83.1 88.8 100.0 100.0 100.0
Univar opt. revision regr. 100.0 100.0 100.0 100.0 100.0 100.0
Univar opt. revision regr., h=1 100.0 100.0 100.0 100.0 100.0 100.0
Bonf, using actuals 100.0 100.0 100.0 100.0 100.0 100.0
Bonf, using forecasts only 100.0 100.0 100.0 100.0 100.0 100.0
Bonf, all tests 100.0 100.0 100.0 100.0 100.0 100.0

Notes: See notes to Panel A of this table on previous page.

40



Table 2: Monte Carlo simulation of power of the inequality tests
and regression-based tests of forecast optimality

H=14 H=238
Meas. error variance: High Med Zero High Med Zero
PANEL D: Sticky updating
Inc MSE 20 14 1.1 6.8 6.0 7.6
Dec COV 21 21 2.1 9.2 87 8.5
COV bound 09 0.7 0.4 1.2 0.8 0.5
Dec MSF 4.8 4.8 4.8 8.2 8.2 8.2
Inc MSFR 0.0 0.0 0.0 4.8 4.8 4.8
Dec COV, h=1 24 24 2.4 74 74 7.4
COV bound, h=1 2.7 2.7 2.7 4.3 4.3 4.3
Inc MSE & Dec MSF 26 24 2.1 11.0 11.0 10.7
Inc MSE & Inc MSFR 0.8 0.9 0.9 79 70 8.3
Univar opt. revision regr. 33.2 448 59.1 27.5 35.2 49.9
Univar opt. revision regr., h=1 99.5 99.5 99.5 98.9 98.9 989
Bonf, using actuals 15.2 22.0 374 14.9 19.1 289
Bonf, using forecasts only 97.5 97.5 97.5 93.3 93.3 93.3
Bonf, all tests 96.3 96.2 96.2 89.4 894 894
PANEL E: Over-shooting
Inc MSE 2.9 24 22 8.8 8.0 7.3
Dec COV 1.1 0.5 0.7 5.6 57 5.6
COV bound 5.4 4.6 4.8 4.9 4.7 49
Dec MSF 1.0 1.0 1.0 3.6 3.6 3.6
Inc MSFR 2.5 2.5 2.5 8.1 8.1 8.1
Dec COV, h=1 1.0 1.0 1.0 6.6 6.6 6.6
COV bound, h=1 7.7 (VO 8.5 85 85
Inc MSE & Dec MSF 1.2 0.9 0.7 6.6 73 6.5
Inc MSE & Inc MSFR 2.0 2.1 1.9 10.1 9.5 7.1
Univar opt. revision regr. 29.8 41.8 57.9 23.8 324 48.0
Univar opt. revision regr., h=1 32.3 32.3 32.3 279 279 279
Bonf, using actuals 13.5 23.3 38.0 8.7 148 282
Bonf, using forecasts only 0.0 0.0 0.0 13.7 137 13.7
Bonf, all tests 10.3 171 31.3 11.9 145 22.1

Notes: See notes to Panel A of this table on previous page.
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Table 3: Forecast optimality tests for Greenbook forecasts

Series: Growth  Deflator Inflation
Inc MSE 0.599 0.964 0.644
Dec COV 0.898 0.058* 0.991
COV bound 0.498 0.000* 0.009*
Dec MSF 0.898 0.026* 0.725
Inc MSFR 0.084*  0.936 0.624
Dec COV, h=1 0.802 0.075* 0.795
COV bound, h=1 0.216 0.010* 0.656
Inc MSE & Dec MSF 0.934 0.126 0.616
Inc MSE & Inc MSFR 0.250 0.992 0.749
Univar opt. revision regr. 0.709 0.000* 0.001*
Univar opt. revision regr., h=1 0.000*  0.009* 0.022*
Bonf, using actuals 1.000 0.000* 0.004*
Bonf, using forecasts only 0.000*  0.047* 0.108
Bonf, all tests 0.000* 0.001* 0.012*

Note: This table presents p-values from inequality- and regression tests of forecast optimality
applied to quarterly Greenbook forecasts of GDP growth, the GDP deflator and CPI Inflation. The
sample covers the period 1982Q1-2000Q4. Six forecast horizons are considered, i.e., h = 0, 1, 2,
3, 4, 5 and the forecasts are aligned in event time. The inequality tests are based on the Wolak
(1989) test and use simulated critical values based on a mixture of chi-squared variables. Rows
with ‘h = 1’ refer to cases where the one-period forecast is used in place of the predicted variable.
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Forecasts and forecast errors
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Figure 1: Theoretical mean squared errors and forecast variances for an AR(1) process with uncon-
ditonal variance of 1 and autoregressive coefficient of 0.8.
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GDP deflator
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Figure 2: Mean squared errors and forecast variances, for US GDP deflator, CPI inflation and
GDP growth.
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Figure 3: Mean squared errors (left panel) and mean-squared forecast revisions (right panel), for

US GDP deflator, CPI inflation and GDP growth.
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