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Abstract

This paper considers optimal testing of model comparison hypotheses for misspecified
unconditional moment restriction models. We adopt the generalized Neyman-Pearson
optimality criterion, which focuses on the convergence rates of the type I and II error
probabilities under fixed global alternatives, and derive an optimal but practically
infeasible test. We then propose feasible approximation test statistics to the optimal
one. For linear instrumental variable regression models, the conventional empirical
likelihood ratio test statistic emerges. For general nonlinear moment restrictions, we
propose a new test statistic based on an iterative algorithm. We derive the asymptotic

properties of these test statistics.
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1 Introduction

Econometric models are often defined in the form of moment restrictions and es-
timated by the generalized method of moments (GMM) (Hansen, 1982), empirical
likelihood (EL) (Qin and Lawless, 1994), or their generalizations (see, e.g., Newey
and Smith (2004)). In many applications, it is natural to assume that the model is
misspecified. While such a model will be rejected with probability approaching one
by a consistent overidentifying restriction test, it nevertheless can be of interest as
an approximation to the true data generating process. For example, Prescott (1991)
argues that a model is only an approximation and should not be regarded as a null
hypothesis to be statistically tested. Thus, choosing a model closest to the truth in
some sense among several misspecified models is of great importance for practitioners.

Misspecified models and inference procedures for such models have been discussed
extensively in the econometric literature. White (1982) studies the properties of the
maximum likelihood estimator under misspecification. Vuong (1989) proposes a test
of the null hypothesis that two misspecified parametric models provide an equivalent
approximation to the true distribution in terms of their Kullback-Leibler information
criteria (KLIC). Rivers and Vuong (2002) extend such tests to a more general setting
that allows to compare misspecified moment restriction models. Kitamura (2000)
develops an information theoretic test that compares misspecified moment restriction
models by closeness to the true distribution in terms of the KLIC. Kitamura (2003)
extends the information theoretic approach to compare misspecified conditional mo-
ment restriction models. Corradi and Swanson (2007) propose a Kolmogorov-type
test to compare misspecified dynamic stochastic general equilibrium models. Hall
and Inoue (2003) discuss inference for misspecified moment restriction models esti-
mated by the GMM.

This paper considers optimal testing of model comparison hypotheses for misspec-
ified unconditional moment restriction models. Our focus is not on the choice of the
measure of fit to set up the model comparison hypotheses but on the choice of the
test given the measure of fit. We adopt a GMM-type distance between a model and
the true data generating process. To compare different tests, we employ the large de-
viation approach.! In particular, we adopt the generalized Neyman-Pearson (GNP)

optimality criterion, which focuses on the convergence rates of the type I and II error

See, e.g., Dembo and Zeitouni (1998) for a review on large deviation theory.



probabilities under fixed global alternatives, and derive an optimal test. The large
deviation approach is a natural choice for evaluating the efficiency of an testing pro-
cedure when the models are globally misspecified and there is an essential difficulty
with formulating Pitman-type local alternatives.

Based on Hoeffding’s (1965) seminal work on the large deviation optimality for
testing multinomial models, Zeitouni and Gutman (1991), ZG91 hereafter, develop the
notion of the GNP optimality and apply it to parameter hypothesis testing problems.
Kitamura (2001), K01 hereafter, shows that the EL test is GNP d-optimal for testing
overidentification restrictions. This paper extends their GNP optimality approach
to model comparison testing problems. Based on a modified version of the GNP
optimality criterion, we derive an optimal test that is defined by the KLIC. However,
since the derived optimal test is generally infeasible, we consider approximate tests
for specific cases. The approximate test turns out to be the empirical likelihood ratio
(ELR) type test (see, for example, equation (4) of K01 for a definition of ELR).

We first consider the model comparison test for linear instrumental variable re-
gression models under the GMM-type distance. In this case, we have an explicit form
for the pseudo-true values of the parameters in each model. The approximate GNP
optimal test statistic is obtained by solving an EL problem with a constraint given
by a smooth function of means. An application of the conventional EL theory (Hall
and La Scala, 1990) implies the asymptotic properties of our test.

We next consider the model comparison test for general nonlinear moment restric-
tion models under the GMM-type distance. In this case, our approximate test statistic
is defined as a solution to an EL maximization problem subject to a nonlinear in the
multinomial probabilities constraint, for which an asymptotic theory has not been
developed yet. Furthermore, in practice, solving such a problem can be extremely
difficult: for a set of multinomial probabilities, one has to perform numerical opti-
mization to obtain the parameters’ values, verify the constraint, and then select the
set of multinomial probabilities among those that satisfy the constraint. To overcome
the practical difficulty, following Wood, Do, and Broom (1996), WDB96 hereafter,
we propose an iterative algorithm which requires solving only a sequence of standard
linear in probabilities EL problems. We also derive the asymptotic properties of the
resulted iterated test statistic. Moreover, when the algorithm converges, it converges
to the ELR statistic corresponding to the original nonlinear in probabilities problem.

In their paper, WDB96 provide high level assumptions under which the iterated



statistic is asymptotically equivalent to the original ELR statistic. However, the
asymptotic distribution of the original ELR statistic in a problem with a nonlinear
in probabilities constraint has not been established. On the other hand, we directly
derive the asymptotic distribution of the iterated statistic from primitive assumptions.

The problem of comparison of misspecified models should be discerned from non-
nested hypothesis testing problems (Davidson and MacKinnon, 1981; MacKinnon,
1983; Smith, 1992). EL-based non-nested tests for moment restriction models are
considered by Smith (1997), Ramalho and Smith (2002), and Otsu and Whang (2008).
Suppose that the two alternative models are non-nested and therefore cannot be both
true at the same time. According to our model comparison null hypothesis, the models
have equal measures of fit and, consequently, the null hypothesis implies that they are
both misspecified. However, in the literature on non-nested hypothesis testing, the
null hypothesis is that one of the models is true. Thus, the two approaches, the non-
nested testing and the model comparison testing of misspecified models in the spirit
of Vuong (1989), are not competing but rather complementary. The first approach
can be used in a search for the true specification, while the later approach can be
adopted when the econometrician believes that all alternative models are misspecified
or when they all have been rejected by the overidentified restrictions or non-nested
tests.

The rest of the paper is organized as follows. Section 2 describes our setup and
defines basic concepts. Section 3 discusses the GNP optimality. Section 4 considers
linear instrumental variable regression models and derives an approximate optimal
test. Section 5 considers general nonlinear moment restriction models and derives
a new approximate optimal test. Section 6 concludes. All proofs are given in the
Appendix.

We use the following notation. Let £, be the expectation under a probability
measure i, Pr{A : u} be the probability of an event A under a probability measure
11, I, be the a x a unit matrix, ||z|| = y/tr (22/) be the Euclidean norm for a vector
or matrix z, ||z||y, = VZ/Wz for a vector z and a symmetric positive definite matrix

W, and ¢l (A) and int (A) be the closure and interior of a set A, respectively.



2 Setup and Definitions

Suppose that we observe an iid sample {w;};_, that is drawn from the true and un-
known distribution law p for the random vector w with the support in R?. Consider

the unconditional moment restriction model implied by some economic theory:

Euog (w, 00) =0, (1)

where g : R? x © — R is a known function up to the unknown parameters f, € © C
RPs with [, > p, (overidentified). In this paper, we denote moment restriction models
by their corresponding moment functions. For example, the model (1) is called the
model g. If the model g is correctly specified, i.e., (1) is satisfied at some parameter
value of 0y, then we can apply the standard GMM theory for estimation and inference
on 6.

The focus of this paper is to compare two (or more) misspecified moment restric-
tion models. To formalize our idea, we introduce some notation. Let M be the space

of all probability measures on R? and define
Pg:{MEM :Eug(w79)20}7 PQZUGE@Pega

i.e., Pj is a set of measures satisfying the moment restriction by ¢ at 6, and P9 is a set
of measures satisfying the moment restriction at some # € ©. Then misspecification
of the model (1) is defined as follows.

Definition 1 (Misspecification) The model g is said to be misspecified if o & PY.

Remark. By Definition 1 and because [, > p,, it follows that infsee | E,,9 (w, 8)] >

0, if g is misspecified.

The alternative moment restriction model is defined similarly to g:

E, h(w, By) =0, (2)

where h : R?x B — R is another moment restriction function with B ¢ RP» and [;, >
pr. For the model h, we also define the sets of measures Pg ={peM:Eh(B) =0}
and Ph = UﬁeB’Pg



We consider the situation where the both models g and h are misspecified, and
we want to compare these misspecified models in terms of their closeness to the true
measure fio. Let D (g, o) (or D (h, o)) be the distance between the model g (or h)
and the true measure py. For example, Vuong (1989) and Kitamura (2000) adopt the
KLIC to define the distance. The KLIC-based distance Dy ¢ is defined as

Diric (g, 10) = inf I (pollpe), Drrrc (b, po) = inf I (uol|p),
nePI pePh

where I (uol|p) is the KLIC from g to p:

[ log (i—’jf) dpo, if pro < p1,

0, otherwise.

I (piolpe) = {

Given a distance D, based on Vuong (1989) and Rivers and Vuong (2002), the

model comparison test is defined as follows.

Definition 2 (Model comparison test) The model comparison test between the

models g and h under the distance D 1is to test the null hypothesis

HO : D(Q?MO) =D (halu’())v (3)
against the alternative hypothesis Hy = {H, or Hy,}, where

H,:D(g,p0) < D (h,p0) (g is preferred over h),
Hy, : D (g, 10) > D (h,po)  (h is preferred over g).

When all competing models are misspecified, their comparison and relative ranking
depend crucially on the choice of the distance: different definitions of the distance
can lead to different ranking of the models. In this paper (in Sections 4 and 5) we
focus on the GMM-type distance. For given symmetric and positive definite matrices
W, and W}, the GMM-type distance between the model g and the true distribution
o (and h and pp) is defined as

. 2 . 2
Dosiat (9:110) = o8 |1 Buug (w,0)I,  Dasnar (o) = inf 1Bl w0, D), - (4

We focus on the GMM-type distance rather than the KLIC because D¢y directly



punishes for the magnitude of the violation of the moment condition. In the case of
Dgric, the model h is preferred over g if the family of measures P” is closer to
1o than P? in terms of KLIC. However, the magnitude of violation of the moment
restrictions is not considered directly when the models are compared. We believe that
comparison in terms of Dgyps is more attractive than comparison in terms of the
KLIC distance when infyeg || E,, 9 (w, (9)]|Wg is meaningful from the economic theory
perspective.

Once the distance is chosen and the null hypothesis is defined, one can address
the issue of optimal testing for the selected distance D. In the case of Dgprps, the
null hypothesis can be tested by using the difference between the sample analogues

of inf@E@ HE,uog (w’ ‘9)”?/[/9 and infﬁGB ||Euoh (w76)”?/vh:

n 2

> g w0)

=1

inf
0O

(5)

g Wh,

This approach was considered by Rivers and Vuong (2002). In this paper, we develop
an alternative testing procedure motivated by the notion of the GNP optimality. The

GNP optimality and its corresponding testing rule are discussed in the next section.

3 GNP Optimal Test

In this section, we investigate optimality for the model comparison test in Definition 2.
Our optimality criterion is based on the global properties test statistics, in particular
the behaviors of error probabilities under fixed alternatives. If a test is consistent, the
type I and II error probabilities of the test typically decrease to zero at an exponential
rate under fixed alternatives, and competing tests can be compared by the convergence
rates of their error probabilities.

An alternative way to evaluate test statistics is to compute their local power func-
tions under a sequence of (Pitman-type) drifting local alternatives, which converges
to some measure satisfying Hy in (3). However, since we are interested in the case
where both models are globally misspecified, it is natural to investigate the global
behaviors of tests under the fixed true measure.

Among several optimality criteria based on global properties of tests (see, for

example, Chapter 12 of Serfling (1980)), we adopt the GNP optimality criterion



developed by ZG91 and K01, among others. Let u, be the empirical measure based

on the sample {w;}} ;:
1 n
A)=— E 1 ;
Nn( ) ni:l A(wz)7

for a set A in the Borel o-field on R?, where 1,4 is the indicator function of A, and
define

Po={neM:D(g,pu) =D (h,p)}.

Note that Py is the set of measures satisfying the null hypothesis Hy. Consider a test
Q = (Qo, Q) based on p, defined by the partition (g, ;) for M, that is?

accept Hy if p, € Qq,
reject Hy if p, € Q3 = M\ Q.

Then the type I and II error probabilities are defined as

Pr{u, € Q1 : po} for po € Po,
Pr{p, € Qo : o} for po ¢ Po,

respectively.

The original idea of the Neyman-Pearson optimality is to minimize the type II
error probability under a restriction on the type I error probability in finite samples.
However, since it is generally difficult to establish this original Neyman-Pearson op-
timality, we commonly focus on the large sample properties of the test. If the test
is consistent, both error probabilities converge to zero under fixed alternatives and
their convergence rates are typically exponential. By modifying the idea of the origi-
nal Neyman-Pearson optimality to the convergence rate analogs, the GNP optimality

criterion is described as

minimize lim,, o %log Pr{u, € Qo: P} for each P, € M\ Py, (6)

subject to supp, ep, lim, oo + log Pr{p, € Oy : By} < —av.

2We focus on the class of tests defined by a partition for the empirical measure. We conjecture
that an analogous argument to Lemma 1 of ZG91 may yield a sufficiency result to restrict on this class
of tests. For example, the usual GMM-type test statistic in (5) can be written as Dgarar (g, fin) —
Danre (hy pin)-



To analyze these convergence rates of the error probabilities, we can apply the
large deviation theory for the empirical measure. In particular, Sanov’s theorem is

useful for our purpose.

Lemma 3 (Sanov’s Theorem) Suppose that {w;};_, is an @d sample from py €

M. Then its empirical measure i, satisfies

1
limsup—log Pr{, € G : pio} < — inf I (v ),
n ve

n—oo

for any closed set G C M with respect to the Lévy metric, and

1
liminf—log Pr{u, € H : 1o} > — injf{[(y”uo),
ve

n—oo M

for any open set H C M with respect to the Lévy metric.

The proof of Sanov’s theorem can be found in Deuschel and Stroock (1989), for
example. Sanov’s theorem says that the error probabilities written in terms of the
empirical measure are determined by the KLIC between the data generating measure
1o and the sets of interest G and H. This result is particularly useful for establishing
the bounds on the convergence rates of the type I and II errors probabilities. It also
suggests that a test based on the KLIC distance between the set of measures satisfying
Hy and the empirical measure might enjoy the GNP optimal property. On the other
hand, Sanov’s theorem has some rough nature: we can only obtain the upper (or
lower) bound for closed (or open) sets with respect to the Lévy metric. In general,
however, the rejection regions defined in terms of the KLIC do not have to be closed,
which makes derivation of the GNP optimality in the sense of (6) very difficult (see
ZG91 and KO1 for more discussions). Therefore, we consider the following modified
version of the GNP optimality called the GNP d-optimality.

Let Dy (u,v) denote the Lévy metric between p € M and v € M:

Dy (p,v) =inf{e>0: F,(w—e)—e<F,(w) <F,(w—e)+e foralweR},

where F), and F), are the distribution functions of p and v, respectively, and ¢ =
(1,...,1) € R% Let B(pu,8) = {v € M: Dy (u,v) <5} be an open ball around
v € M with radius § > 0. For a test Q = (Q, (), define the partition Q° = (09, Q2})



with Qf = U,eq, B (1,0) and Q3 = M\ Q4. The set 2 is often called the J-blowup
(or -smoothing) of the critical region €; by the Lévy ball.

Definition 4 (GNP J-optimality) A test defined by the partition A = (Ao, Ay),
which may depend on d, is called GNP d-optimal if for each § > 0,

(a) supp,ep, limsup, ., LlogPr{u, € A} : P} < —a for some o > 0,

(b) for any test Q= (o, 1) satisfying

1 = _
sup limsup— log Pr {un UE PO} < —a for some d > 0,

PoePyg n—oo

we have

1 1
limsup—log Pr {p, € M\ A] : P} < limsup—logPr{u, € M\ Q]: P},
n n

n—oo n—0o0

for all Py GM\P@.
Based on ZG91, we consider the following (6 dependent) KLIC-based test Ay =
(A0,5> Al,é)i

accept Hy if p1,, € A5 = {V eEM: ,uiélgo V/@&g{m&)) IV ||p) < a} ,

reject Hy if p, € Ay s = M\ Ay,
for some ¢ > 1. In other words, we test Hy by the test statistic

T,s = inf inf I , 7
0 /ng'Po Vecl(ér(lun,cé)) (VHM) ( )
with the critical value a. The following theorem provides the GNP J-optimality of
the KLIC-based test As.

Theorem 5 (GNP j-optimal test) Suppose that {w;},_, is iid and the set
{ve M :inf,cp, I (v||n) < a} is compact with respect to the Lévy metric. Then the
KLIC-based test As is GNP d-optimal to test the model comparison hypothesis H

against Hy.



Remarks. (a) The iid assumption on the data {w;}_, is required to apply Sanov’s
theorem. Under weakly dependent data, large deviation properties of the empirical
measure can be analyzed by the Gértner-Ellis theorem (Dembo and Zeitouni, 1998,
Theorem 2.3.6), where the convergence rate is characterized by the long-run limit of
the moment generating function instead of the KLIC. Although it is beyond the scope
of this paper, we conjecture that a test statistic based on this rate function can yield
an analogous optimality result.

(b) To prove the GNP optimality of a test in the sense of (6) by Sanov’s theorem,
one needs closedness of the rejection region {v € M :inf,cp, I (v||t) > a} which is
generally not true (see the discussion on page 287, Section III in ZG91). For GNP §-
optimality, we impose a weaker condition that the set {v € M :inf,cp, I (v|p) < a}
is compact. The later condition holds if, for example, if inf,cp, I (v||p) is lower
semicontinuous in v under the Lévy metric.

(c) The compactness assumption on the set {v € M :inf,cp, I (v||p) < a} re-
stricts the form of the null hypothesis Py, i.e., not only the forms of the moment
functions g and h, but also the form of the distance D. For example, suppose that
the distances D (g, po) and D (h, po) are continuous in pg under the Lévy metric,
which is satisfied if g and h are bounded and the GMM-type distance Dgaas in (4) is
adopted. In this case, applications of the maximum theorem (Leininger, 1984) com-
bined with the lower semicontinuity of the KLIC (Chaganty and Karandikar, 1996)
imply the lower semicontinuity of inf,cp, I (v||pt) in v under the Lévy metric, which
in turn implies the compactness of {v € M :inf,cp, I (v||n) < a} under the Lévy
metric. Note that the KLIC distance Dgp;c does not guarantee the continuity of
Dxric (g, o) and Dgpre (b, po) in o in general even if g and h are bounded.

(d) Although the GNP §-optimality can be considered as an weaker definition of
optimality than the original Neyman-Pearson or the GNP optimality in the sense of
(6), this theorem is insightful: we should take the minimum distance between the null
space Py and the closed Lévy ball ¢l (B (pin,29)) around the empirical measure i, by
using the KLIC.

(e) The obvious limitation of this theorem is the fact that both the optimal test
A? and alternative test 2° depend on the blowup constant §. For the optimal test
A%, we can apply a similar argument to Corollary 3 of ZG91 and construct a positive
and monotone decreasing sequence {6, }, .y with §,, — 0 such that the n-dependent
test {A‘S"}neN satisfies the GNP ¢d-optimality. On the other hand, for the alternative

10



test 9, suppose that the test Q° is “regular” in the sense of ZG91, i.e.

(lsiir(l)liinﬂs;}pélog Pr {un S Q‘ls : Po} = liglsgp%log Pri{u, € Q1 : B},
for each Py € Py, which is satisfied when inf,cini0,) I (1| Fo) = infuca I (1| Fo)
(see Lemma 4 of ZG91). Then we can replace the blowup critical regions Q‘E and
in Definition 4 with the original one €2;.

(f) It is generally difficult to compute the test statistic T, s in practice. However,
inspired by this optimality result, we can consider feasible approximations to the
GNP d-optimal test T}, 5. In particular, we remove the §-blowup and focus on the

approximate test statistic

To= 1nf I (jllpr).- (8)

(g) When py is discrete, the approximate statistic 7,, is GNP d-optimal and no
smoothing is required (see Section IT in ZG91). The GNP optimality of the likelihood
ratio test in multinomial models is established by Hoeffding (1965).

(h) The approximate statistic 7}, is actually equivalent to the ELR statistic. Let
p be a discrete measure that assigns strictly positive probabilities to the observations
{wi}? ,, 1e. p(A) =>""  pila (w;), where p; > 0 is the probability assigned by p to
w,;. The ELR statistic is defined as

ELRn = _9 IOg (L%Jgstrained/L%rzconstrained) ’

where Lggnstrained ig the constrained EL:

n

= maxpp L 2 (9)

st. p; > 0,31 pi =1,D(g,p) = D (h,p)

constrained
LEL

and [ynconstrained jg the maximum of EL without the constraint D (g,p) = D (h, p):
Lgfcnstrm’ned —

n

(when there is no p that satisfies the constraint, set ELR,, = 00). Let p* be a solution

to the maximization problem in (9). Due to the definition of the KLIC, one only has

11



to consider the discrete measures p when solving (8). Now,

n

1 1/n
T, =— log —
”; D;

1
= —FLR,.
2n

The ELR statistic has an asymptotic x? null distribution when the constraint is linear
in probabilities (Owen, 2001) or can be expressed as a smooth function of means (Hall

and La Scala, 1990). In our case, the constraint is generally nonlinear in probabilities.

The next two sections investigate implementation and the statistical properties of

the approximate optimal test based on T,,.

4 Approximate Optimal Test: Linear Case

This section considers a comparison of linear instrumental variable regression models.
The linear case is particularly illustrating since the testing problem can be expressed
in a closed form in terms of smooth functions of means, and the asymptotic null
distribution of the test statistic can be obtained directly from the existing results in
the EL literature.

Let w = (yg A T L )/, where y9, 29, and 29 denote the dependent vari-
able, endogenous regressors, and instruments in the model g; and ", 2", and 2"
denote the dependent variable, endogenous regressors, and instruments in the model
h. There can be overlapping variables between the two models; for example, it is
possible that the two models have the same dependent variables (y¢ = y" = y) and
regressors (9 = 2" = z) but different sets of instruments. The moment restrictions

are:

Euog (w, 90) = Euozg (yg - xgleo)
Euoh(w,Bo) = B, 2" (yh — M 0)

: (10)

0
0, (11)

where 6, € © C RP9 and 5y € B C RP», and it is assumed that for no value of the
parameters the moment conditions (10) and (11) are satisfied. We consider the model
comparison test under the GMM-type distance D¢y in (4), i.e., the null hypothesis

is

12



(12)

Ho: jof 1B (0 = 270) iy, = inf [|Bu=" (" = "8) [y,

An important condition is that the models are overidentified, otherwise, in the exactly

identified case, the null restriction is trivially satisfied with zeros on both sides.

Assumption 6 (a) The models are overidentified: rank (E, z929) = 1, > p, and
rank (B, 2"z") = l; > p,.
(b) The models g and h are misspecified.

By part (a) of the assumption, we have closed-form solutions for the minimization

problems in (12):
0" (1o) = ((Euoz?2") Wy (Euozgxgl))_l (Epuw?2”) Wy (Eue2%y?)

with a similar expression for 5* (119). Thus, the null hypothesis in (12) can be written

as a function of the means:
Hy : f(n(po)) =0,

where

n (o) = (Equ%g', E,. 27, EuozhmhlyEuozhyh) 7
1 01 (10)) = 1By 29" = (2290 (i) [y, = || B " = (o) 8 (1) [y, -

In this case, our approximate GNP J-optimal test statistic in (8) takes the following

form:

TL = inf I (u,
" {HEM:f(n(p))=0} (i)

= min {(n), 13
{n:f(n)=0} () (13)

where ¢ (n) = ¢ (77“17, 5,711 773) and

C(nf g misns) = — maxgyr =307 log (np;)
s.t. pi >0, > pi=1,
SopiEal =i, YL pielyl =,
S piEtal =t Yo petyl = b

13



Note that the derived test statistic T'F is equivalent to the ELR statistic for a smooth
function of means by Hall and La Scala (1990). Therefore, in this setup, the ELR
test has a rationale as an approximation to the GNP d-optimal test discussed in the
last section. To derive the asymptotic property of the test statistic, we can directly
apply the existing result by Hall and La Scala (1990). To this end, we impose the

following assumption.

!/
Assumption 7 The vector <vec (z929")", (2999), vec (zhxh’)/ , (zhyh)/) excluding the

overlapping elements has a finite and positive definite variance matrix.
From Theorem 2.1 of Hall and La Scala (1990), we have the following result:

Theorem 8 (Approximate optimal test for linear models) Consider the dis-
tance Dapryvr, and suppose that Assumptions 6 and 7 hold. Then the model comparison
test statistic TY between the models (10) and (11) satisfies 2nTY —4 x3 under Hy,

and 2nTE — oo almost surely under H,.

5 Approximate Optimal Test: General Case

This section considers general nonlinear moment restriction models (1) and (2). Asin
the last section, we consider the model comparison test under the GMM-type distance
Dgav- However, in contrast to the linear case, the solutions 6* (1g) and 5* (1) to
infpeo || E,pg (w, 9)||3Vg and infgep || B, h (w, B) H%Vh, respectively, cannot be expressed
in a closed form.

Hereafter for brevity we also use the notation

g:(0) = g (w;,0) and h; (B) = h(w;, ).

Similarly to (13), the approximate GNP §-optimal test can be written as

Tr? — inf I (:U’nH:u)
ue{ueM:inf%QHEug(wﬁ)H‘Q/ngmfﬁeB||Euh(wa5)H‘2/Vh}
= — maxp,} % Yo log (np;) (14)
s.t. pi > O, Z:'L:l bi = 17

infyee 137, pig: (0) I3y, = infoen |25 pitis (B) 3y, -

14



Note that since the last restriction in the above maximization problem is nonlinear
in p;, we cannot apply the standard implementation and asymptotic theory of EL.

The difficulties of EL in the case of nonlinear in probabilities constraints have
been addressed by WDB96. They proposed an iterative algorithm based on the ap-
proximate linearization of the constraints. Instead of solving the EL problem with
a nonlinear in probabilities constraint, the econometrician solves a sequence of EL
problems with linear in probabilities constraints that hold approximately. The lin-
earization is obtained by a Taylor expansion of the original constraint. A similar idea
can be used in our case as well. However, unlike WDB96, we do not rely on a Taylor
expansion to obtain a linearization, and the linearization is exact in our case in some
sense clarified later (see Remark (b) following Lemma 10 below).

Define the Hessians of the GMM objective functions:

Hy (1, 0) = (&%)IWQ <E#W) n

(1, By (0.0)' ( Engoee (2502,

and

Hy (1, ) = (Euah(w,ﬁ))'wh <Eu8h(w,ﬂ)) .,

I “op
By 10,80 ( By vee (P55,

To characterize the solution to the likelihood maximization problem (14), we make

the following assumption.
Assumption 9

(a) © and B are compact.

(b) The model g is misspecified and || E,,g; (0)||12/Vg has a unique minimum at 0* €
int (©); the model h is misspecified and ||E,,h; (B)HIQ/Vh has a unique minimum
at B* € int (B).

(c) gi(0) is twice continuously differentiable on © almost surely; h; (f) is twice con-

tinuously differentiable on B almost surely.
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(d) H, (p0,0) is nonsingular in a neighborhood Ny« of 0*; Hy, (po, B) is nonsingular
in a neighborhood Ng- of 3*.

Assumptions 9(a) and (c) are standard for nonlinear models. Assumptions 9(b)
requires uniqueness of the pseudo-true values, which is often assumed in the literature
of misspecification analysis (Vuong, 1989; Kitamura, 2000; Rivers and Vuong, 2002;
Hall and Inoue, 2003). Assumptions 9(d) requires that the Hessians of the GMM
objective functions are nonsingular. Such an assumption appears, for example, in
Hall and Inoue (2003). Note that, in comparison to the standard correctly specified
case, the Hessian involves an extra term when the model is misspecified. For example,
the second summand in the definition of H, is different from zero even when H, is
evaluated at pg and 6*.

Let p = (p1, . .., Pn) be the solution to (14), A be the Lagrange multiplier associated
with the last constraint in (14), 6 (p) = arginfyeco |> 1, Pigi (9)||%, and f§(p) =
arginfgep ||> 5| pih (B)H;,h The following lemma characterizes the solution p and
the associated parameter values § = 6 (p) and § = [ (p) as a solution to an EL

maximization problem with a linear moment restriction.

Lemma 10 (Linearization) Under Assumption 9, (ﬁ,é, B) satisfies

(9,5, )\) —arg inf maxizllog (1 + M, (9,5;;5,@,5)) , (15)

0cO,8cB AeR

where
Jj=1 Jj=1

and

—_

A

pbi =

n <1 + \; (é,B;ﬁ, A,B))

Remarks. (a) Lemma 10 represents é, B, and p as a solution to the fixed point
problem. Given é, B, and p, one can construct a linear in probabilities EL problem
that has 0 and B as a solution. The probabilities p that solve the original EL problem
can be also recovered obtained as a by-product of solving the linearized EL problem
in (15).
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(b) Unlike the case considered in WDB96, here the solution does not depend on
the derivatives 06 (p) /Op; and Of (p) /Op;. Our linearization is exact in this sense.

This is due to the fact that we have quadratic functions in the constraint in (14).

Since é, B , and p are solutions to a fixed point problem, Lemma 10 leads to the

following iterative algorithm.

Step 1: Given <6?A(3*1), 5(371)7}3(571)), update the estimators of 6 and /3 by solving

the minimax problem:

i(s) 3(s) A(s>> _ - ( ( Ca(s—1) Als—1) A(s—l)))
(09,599, A argeeél}ﬁfeBI§13§<210g 1+ d; (6, 8,0, 66— 4 .

(16)
Step 2: Update p using é(s), B(S), and \) obtained at Step 1:

ﬁ(s) _ 1 ‘
l n (1 + A\, <é(s)’ Bls); pls=1) fs=1), 5(5_1)»

Iterate Steps 1 and 2 until convergence of the sequence {(é(s))B(s)) s e N } is

achieved or the maximum allowed number of iterations is reached.

Remarks. (a) At each iteration, we solve a standard linear in probabilities EL
maximization problem with the moment function d; (0, B; ps=1) =D, B(S_l)>. Since
the Lagrangian \ is scalar, it is cheap to implement the maximization in (16).

(b) The iterated test statistic to approximate T in (14) is obtained as

TS(S) _ l Zlog (1 + ;\(s)di (é(s))B(S);ﬁ(S—l)’ é(s—1)73(8—1)>) . (17)
n
i=1

(c) We suggest terminating the algorithm by checking a convergence criterion on
(@(5), B(S)) rather than on the value of the objective function in (16) or 7, ) because
the constraint changes from iteration to iteration. Thus, in the absence of convergence
of the sequence (é(s), B(S)>, we suggest setting 7 = oc.

(d) As we show in the proof of Lemma 10, the original and linearized problems
satisfy the same first-order conditions. Therefore, if the algorithm converges, the

(s)

sequence of the iterated statistics 7 o converges to the original statistic T.C.
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(e) Similar algorithms motivated by fixed point problems have been considered in
the econometric literature in the context of discrete dynamic games (Aguirregabiria
and Mira, 2002, 2007; Kasahara and Shimotsu, 2008).

Next, we discuss the asymptotic property of the test statistic obtained from the

iterated procedure described above. We add the following assumptions.
Assumption 11
(a) 0 < E, dz? (6%, 5*; o, 0%, %) < o0.

g ()7 < oo;

(b) In a neighborhood Ng« of 0 and for some € > 0, E,, Supgey,.
hi (B)]7° < o0

in a neighborhood Ng- of 5*, E,, SUPge N .

Ohi(B) 2

9g:(0) il ‘ < 0.

2
00" H < 007 By suPgey,,

(c) EMO SupQENQ*

9gi (6 Oh;
(d) E,,supgen,. H%vec (—939(, )> H < 00; By supgen,. Ha%,vec ( aé,ﬁ)> H < o0.

(e) The matriz (I,, @ WyE,,g; (9*))’Eu0%z}ec (%) is nonsingular; the matric

(I, @ W,E, h; (B%)) Euoa%,vec (8]”(6*)) is nonsingular.

op’

Assumption 11(a) implies that the weighted difference of g; (0*) and h; (5*) is not

a degenerate random variable, i.e.
Pr{g; (0%) WyE,,9: (6%) — hi (B%) WiEuhi (B°) = 0: po} = 0.

Assumption 11(b)-(d) assume that the moment functions g and h are sufficiently
smooth in some neighborhoods of 8* and 5* respectively, and the distribution of the
data has sufficiently thin tails; they are similar to Assumption 2(f) of Kitamura (2000).
Assumption 11(e) is a condition on the weighted matrices of the second derivatives
of g and h.

We have the following result.

Theorem 12 (Approximate optimal test for nonlinear models) Suppose that
Assumptions 9 and 11 hold. Assume further that ‘ Ess-1)gi (é(s_l)) — E,,9: (6%)

O, (n_l/Q) and ‘ Ejs-nh; (B(S_l)> — E, hi (89| =0, (n_1/2) for some s€ N. Then,
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(a) 2nTY — 4 x2 under Ho, and 20T — 0o almost surely under H,

(b) H () Ji ( ) - Euogi (9*) ‘ = O;D (n_l/Q) and HEﬁ(S)hi <B(s)> - E,uohi (6*)
O, (n=/?), provided that Hy is true.

Remarks. (a) According to part (a) of the theorem, if Ej.-g; (é“’”) and

Eys-vh; (ﬁ 5= 1)> are n~/2 distant from E, g; (0*) and E, h; (8*), then the statistic
computed after s iteration has a x? asymptotic distribution under the null. Further-
more, at iteration s, the estimated expectations of g; and h; are also n~/? distant
from their true expected values, provided that Hj is true.

(b) For 2nTE™ to have a X asymptotic null distribution at each iteration s, it
is sufficient to initialize the algorithm with the starting values that are n~'/? distant
from their corresponding population counterparts. Thus, one should pick starting
values (éw), 5O 30, p<0>) satisfying sz g, ((9(0)) — Bg (0] = 0, (n7172),
HZ’ W Ago hi (B(O)) — n~'/%), and A©® — ¢ (1). For example, un-

der mild regularity condltlons these condltlons are satisfied by

ﬁfEO) - l7 ;\(O) - 07
n
1 — ’
60 — g (5©) — el 2 .
() =arejuf |23 00
=1 W,
1 — ?
200) _ 5 (5000} — inf 125 5
g% =5 (p'") = arg inf ”Zl i (B) .
= h

(c) As we mention in the introduction, our result differs from that of WDB96.
In their paper, WDB96 provide high level assumptions under which the iterative and
ELR statistics are asymptotically equivalent; however, the distribution of the ELR
statistic in the case of a nonlinear in probabilities constraint remains unknown. On
the other hand, we derive the asymptotic null distribution of the iterated statistic
at each iteration by relying on the more primitive assumptions. Furthermore, our
result implies that the ELR statistic corresponding to the nonlinear in probabilities
problem has a x? asymptotic null distribution, because the sequence T converges

to T¢ when it converges.
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6 Conclusion

In this paper, we consider optimality in model comparison hypothesis testing for
misspecified unconditional moment restriction models. Based on the generalized
Neyman-Pearson optimality criterion, which focuses on the convergence rates of the
type I and II error probabilities under fixed global alternatives, we find an optimal test
statistic that is defined by the Kullback-Leibler information criterion. We propose
approximate test statistics to the optimal test for linear and nonlinear models. For
linear instrumental variable regression models, we obtain the conventional empirical
likelihood ratio test. For general nonlinear moment restrictions, we develop a new
test statistic based on an iterative algorithm. The asymptotic properties are derived

for these test statistics.

A Proofs

A.1 Proof of Theorem 5

First, we check Definition 4 (a). Without loss of generality, we set as ¢ = 2 in (7).
Pick any 6 > 0 and Py € Py. We start by showing that for each §' € (0,§/2),

cl (Al;) C ATy (18)
Pick any and v € ¢l (A] ;). It is sufficient for (18) to show that

inf I(V||p) >« foreach v € cl (B (v,20")). (19)

nEPo

Since v € ¢l (A} ;), there exists w € M such that D (v,w) < d + (6 —20') /2 and
inf,ep, I (W'[|p) > o for each w' € cl (B (w,26)). Thus, it is sufficient for (19) to show
that v/ € cl (B (w,20)) for each v/ € ¢l (B (v,2¢")). This can be shown by the triangle

inequality:

DL(V/aw) SDL(V/aV)+DL(V7w)
< 20"+ 6+ (0 —20") /2
< 29,
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for each v/ € ¢l (B (v,2¢")). Therefore, we obtain (18). Now, observe that

1
lim sup— log Pr {un e, PO}
n b

n—oo

< lim sup% log Pr {,un € cl (A?,a) : PO}

n—oo

<— inf I(P|P)

Pecl(A 4)

< — inf I(P||R)
PeAffé,

< —aq,

where the first inequality follows from a set inclusion relationship, the second inequal-
ity follows from Sanov’s theorem, the third inequality follows from (18), and the last
inequality follows from the definition of A‘{: s~ Therefore, the test A satisfies Definition
4 (a).

We now check Definition 4 (b). Without loss of generality, we set as § = 6. Pick
any 6 > 0 and P, € M\ Py. We start by showing that

Aj235 C Q. (20)

Suppose otherwise. Then there exists a sequence {&p},,cy such that &, € A§3%;
and &, € Qf for all m € N. Since &, € AJ};, there exists {¢,}, .y such that
Dy, (&m,€),) < 4.20 and inf,ecp, I (€], ]|1t) < . The set {£ € M :inf,ep, I (€|lp) < o}
is assumed to be compact, and therefore there exists a subsequence {ﬂnk} ke such
that &, — & € {¢ e M :infuep, I (&]|lp) < o} as k — co. Also, from &, € Qf and
Dy, (&m, &) < 4.20 for all m € N, we have ¢, € Q}* and thus B (¢, ,0/2) € Qf
for all k& € N, which implies that the limit ¢ satisfies B (¢/,5/4) C Q%. Thus, Sanov’s

theorem implies

1
sup liminf— log Pr {,un e 0% . Po}
PoePy ™00 N

1
> sup liminf—log Pr{u, € B(£',0/4) : By}
n

PoePy "0

> — inf inf I (P||P)
PyePo PeB(¢,6/4)

> —a.
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Since this contradicts with the requirement for €2, we obtain (20). Now, observe that

hmsup1 log Pr {, € Q) : P}

> lim sup-— log Pr{p, € Agéi& Py}
> lim 1nf log Pr {1, € int (A(Q) Ys) 1 P}
n—oo M
> — inf I (P||P)
PEmt(AO 5 15)
> — inf I(P||P1)
PeA)

>11msup logPr{,unEAM P},

n—oo

where the first inequality follows from (20), the second inequality follows from a set
inclusion relationship, the third inequality follows from Sanov’s theorem, the fourth
inequality follows from (18), and the last inequality follows from Sanov’s theorem.
Therefore, the test A satisfies Definition 4 (b). B

A.2 Proof of Lemma 10

Consider the optimization problem in (14); its Lagrangian is
L= log(np:)+7 (sz- - 1)
i=1 i=1
’]’LA n ! n
-5 > g (0(p) | W, Zpigi (6 (p))
i=1
L i hi ( W, Z
9 . Di h pz 7 .
The first-order condition corresponding to p; is
N . "~ dg; (0 (p
0=5" 44 - nd Kg 0 )+ 5,2 TN I ) (Z% )
=1 pi
) “~ Oh; )
- (m B+ Y o PO ) W, (ij )] @)
j=1
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The first-order conditions for 6 (p) and 3 (p) are

(Z%%) (ijg] ) =0, (22)

j=1

(Z Dj Oy ég/ ) Wh (ij > = 0. (23)

Jj=1

Thus, by the implicit function theorem, the derivatives 96 (p) /Op; and 95 (p) /Op;

can be obtained as

agga)_ (89189, )Wg (;ﬁjgj (9(15)))—
i <Z 104 )wgme(ﬁ)).

From Assumption 9(d), 96 (p) /Op; exists with probability approaching one. We can
obtain a similar expression for 93 (p) /Ip;.
Next, note that by (22),

<Z b2 DL >> W, (Z B, (0 (ﬁ)))

J=1

0 (p) dg; (0 (p
(£ ()

=0,

and similarly,

"\ Oh; %)
(ij (3256 ) (Zp] )_0.

=1

Thus, the first-order condition for p in (21) simplifies to

it =4 —n [gi (0 (5)) W, <Zﬁj9j (¢ (ﬁ))) — hi (B(D)) Wh (Zﬁjhj (8 (ﬁ)))] :
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By multiplying ;! and taking summation to the both sides, we have 4 = —n and
then

npt =1+ Ad; (0(p),B8(D):5.0(B),B (), (24)
where \ solves ( ( ) ( ) ( ) ( ))
4 (0p),s P),8(H)
Y T 66,66 5,00,86) 25)

Suppose 0,4, B4, and Ay solve the minimax problem in (15). Further, define pg;
such that

n lﬁdl =1+ Aad; (édaédﬂaae (p),B (]5)) .

The first-order conditions for éd, Bd, and )\, are

Zpdj ag'> | (Zp]gj >—0, (26)

o (1))

Zpd] 86/ Wh <ZPJ ) _07 (27)

v (00 Bip 0 3).8G)
i 1+ Aads (éd> Ba; 9,0 (), 8 (ﬁ)) -

By comparing (22), (23), and (25) with (26)-(28), it follows that 0, 3, and A solve
the dual problem. Furthermore, by Assumption 9(b), the solution is unique with
probability approaching one. l

A.3 Proof of Theorem 12

Proof of (a). Pick any s € N. The following steps yield the conclusion:

20T =23 log (14 Ad; (9, 4; =0, 9, B )
=1

(i e (89, 0; g, G-, v )’
- > i 1(@ OF 71),(@(571),3(871)) +0p (1) (29)
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(T d (0%, 8% o, 0%, BY))°
B RGN AR (30)

First, we show (29). An expansion of the first-order condition for A around
A®) = 0 yields

n d; (é@)) A, ple=) {1, 5(H)>

1+ A0, (é<s>, B6): pls=1) fs=1), 5<s—1>)

=54, <g<s>, 3. ps=1) =1 g(s—n)
=1

~ ~ ~ ~ 2
nod (9<s>, B, pla=D) s=1). g(sfn)

_ 50 .
i (1 + )\, <é<s>, B©): pls=1) fls=1), B(s—n))

(32)

where )\ is a point on the line joining A and 0. Assumption 11(b) implies that

max sup lg; (0)] = o0, (n'?), (33)
ISI<n geN.

‘ _ 1/2
max sup s ()] = o, (%), (34)

(see the proof of (2.4) on page 701 of Guggenberger and Smith (2005)). By Lemma
13, 0 and 8¢) are in the n=/2 neighborhoods of #* and 3* respectively, and \(*) =
O, (n~'/%). It follows now by (33) and (34),

3] max
1<i<n

i (8, 509560, 8¢°0, 560 | = o, (1) (35)

Also note that by a standard consistency argument using the assumptions of the
theorem on Ej-1)g; (é(s_1)> and Ejys-1h; <3(3_1)> , Lemma 13(a), Assumption 11(b)-
(c), and Cauchy-Schwarz inequality:

1 _ A A ~(s— AN(s— A(s— * * * *
3 (099, 300, 5,000, 3e0) L B, @2 (6%, 5510, 07, 8), (36)
=1
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Thus, under (35) and (36) with Assumption 11(a), we can solve (32) for A() as

~

Z?:l d; (é(S)7 B pls=1) é(s—l)7 B(S_l)>
o (o 5o e )

&) — +0,(1), (37)

with probability approaching one. On the other hand, an expansion of
2571 log 14+ A6d; (09, 4); 50,461, 361 ) around AL =0 yields

2 Z log (1 1+ \9g, (é(s)) B(s);ﬁ(sfl)’ é(sq)’ B(s,l)>>

=1
=230 Y 4, (é(s), B6) ple=D =1 5(&1))
=1

— ANy, <g<s>, 3. pls=1) Gs=1). B(s—l))

=1

“ “ N N 3
o . d; (9(s)7 B, pla=D) Gs=1) 5<H>>

+ §A<S)3 >

1+ M\d; (é(s), B6): pls=1) (s, 5(@) ’

2

(38)

where A is a point on the line joining A®) and 0. Ignoring the constant, the absolute
value of the third term in (38) is bounded by

3 1
max

1<i<n {1 4 3, (é<s>, B©): pls=1)_ fls=1) 5@—1))

d; (é(s), B =1 _fls=1). 3(s—1)> ‘

)

X max
1<i<n

n PN . . 2
S d (g(8)7 3O, pls=D) Gls=1). 5(s—1))
=1

=0, (n_3/2) O, (1) 0p (nl/2) Op(n) =0, (1),

X

where the equality follows from Lemma 13(b), (35), and (36). Therefore, from (37)
and (38), we obtain (29).
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Next, we show (30). It is sufficient to show that

1 & o a . . 1 &
R Zdz (0(5)76(5);]3(8_1)7 9(5—1))5(5—1)) o Z dz (9*76*;,“07 Q*, 6*) i 0. (39)
Vi Vi

Observe that
% i d; (é(5)7 B(S);ﬁ(sfl)’ é(sfl)7 B(S*l)) _ L i d; (9*, 3 1o, 0", B*>
i=1
= % idi (099, B); pte), 4, g Zd (67,7300, 30
i=1

1 - * ok, ~(s— N(s— A(s— * ok, ~(s— * Q%
+—Zdi(e,5,p< D4t B ”)—%;di(e,ﬁ,ﬂ RN
Zd 0* (S 1)”9* 6*) % Zdz (6*76*7N079*7,6*)

i=1

=TT+ 15+ Ts.

For T}, an expansion around < GG ) = (0*, 5*) yields

o od (9*75*;]5(5—1),é(s—l),B(s—l)) <§(5> _9*)

T=——
V= o0
0 d (9* B ps=D)_fls-1) 3(571)>
1 7 ) 3 ) ) ~
_ (s) _ g 1 4
D 5 (B9 = 5) +0, ) (40)

(S0 1>)'wg %i@%;?*>)ﬂ<é<s>—e*>




Byl () W (B 50 ) i (39 = ) 0, (1)

where the second equality follows from the definition of d; (9*, B ple=D) gls=1) Bls— 1)> ,
the third equality follows from the conditions of the theorem on Ej.-1)g; (0“’”) and

Ej-nh; (ﬁ 5= 1)) , the fourth equality follows from the weak law of large numbers,

and the last equality follows from the first order conditions of #* and 3*. The reminder

w ( a6 )H

hi (B)
86’ 85
which is o, (1) by Lemma 13(a) and Assumption 11(d).
Similarly, for T5, an expansion around <é<5—1), B(S_l)> = (0%, 3*) yields

term in (40) is bounded by

s or-el

+ | Wall B b <B(s—1)> HB(S)

i sup

)

BeNﬁ*

T2 _ LZ (9* B* A(s—1) *76*) <9A(3,1) L

N———

Vn &= a6’
+%Z i (07, 87D a; N, 6%, 8 (53 1)_5*>+0p(1)
= (%ggz(e*))m <§ﬁ§s—1>agéé19*>>\/—<és ) 9>
+ <%ghl (5*)>,Wh (gﬁ§s1)3héé/ﬁ*)) N <B(s) 3 ) 40, (1)
(E,0g: (0%)) W, <Euoﬁgéé?*))\/ﬁ<9(s 1) 9*>
+ (Buohi (8)) W <Euoahé$*>> ﬁ(@(s) 5*> + o0, (1)
=0, (1),

where the second equality follows from the definition of d; (0*, B pts=) g%, g ) and
the last equality follows from the first order conditions of #* and 8*. For the third
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equality, using the definition of p(®
89] 1 <~ 9g; (6%)
39' n jzl o0’

Lo d; (§<s—1), Ble=1). 5s=2) fls=2). 3@—2)) 901 (6)

< );\(571) -
- /

nA= ] 4 A1y, ( 1), Bs=1); pls=2) fs=2) fls— 2)) 00
_|36-0] sup |14 A6Dg ( D, f). 562 =2 /;<s—2>> -

1<i<n
1 - agl 0* A (s— N(s— H(s—
% - Z - Zd2 ( G 2) fle=2 [ 2)> ' (41)
=1

Similarly to (35), we have

N

‘5‘(5) dl <é(s)’5(s)7p(s 17 =) 5 )‘ p<1)7

sup
1<i<n

and thus, by Assumption 11(c) and (36),

(s—1) g] = g]
2P 90 n Z o0

j=1 7=1

<0, (n_l/Q) 0,(1)0, (1) O, (1).

By this and the weak law of large numbers,

" s Og; (6 dg,; (0%
Zlé Y éé, >:Euo Jaé, )+0p(1)>

Jj=1

and a similar result holds for the h model.

For T3, as above, we have that HZ’ ) pz g; (0*) —n~ 13" | g:(6%)] is bounded by
. A6 A . . -1
0 sup [1+ 3694 (3 30550 96 o)
1<i<n

™Y llg (0] sup sup - Zd2(06ps D060, o)
i=1

0€ Ny« ,BENﬁ* i—1

=0, (n_l/2) 0,(1)0,(1) O, (1).
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Thus,
> 59 (07) = Euogi (0%) + O, (n7172) (42)
=1
> 0 (B7) = Buohi (B%) + 0, (n71?)
=1

and

Ty = (1 )N <9*>> W (Z 5005 (0) = By <9*>)

S S
=0y (1)

Therefore, we obtain (39).
Lastly, for (31), since according to Hy, E,,,d; (6%, B*; p0, 6, *) = 0, by Assumption

11(a) and a central limit theorem,
1 . * * * * d * * * *
%Zdz(e 76 ;IU[),Q 7ﬂ ) - N(O7Euod12(9 ’6 ;Mo,e 76 )) .
i=1
On the other hand, under H;, the weak law of large numbers yields

1 - * % * %
Ezdz (9*75*7M076*7ﬁ*) & Euodi (9 75 ;MO;G 75 ) 7é 0?
=1

and this implies 2n75®) — 0o with probability one.
Proof of (b). At iteration s we have the following first order condition:

n

>l o (8) w, (302 (0)) -
i=1 j=1
e (B9) W (iﬁf‘”hj (B“‘”))] =0. (43)

j=1
From (43), the null restriction ||E,,g; (9*)HWQ = [|Euohi (8%)lyy, » and by the assump-
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tions of the theorem:

(Z g (0 )—Euoglw*))IWgEuogl(e*)—

- (Zﬁf)hi (39) = Bl w*)) WiBoh (57) = O,(n™1%). (44)

i=1

Using an expansion of g; (é(8)> around g; (0*), we obtain

' (Z o ( ) —Euq (9*)>/W9E’u0g1 (07)

A(S)gz (6%) = Euogr (67)

sup Z A(s)

0€Ngx

< [Woll | Euog (67)

+ Wl o1 (67)] Hé@ - (45)

(9gj
89’ '

Next, using (42) for the first summand and an argument similar to that in (41) and
Assumption 11(c) for the second summand, the right-hand side of (45) is O, (n=/2).
We obtain that the first term on the left-hand side of (44) is O, (n=/2). It follows

now that

<Zﬁ£8)hl (B(5)> — Eﬂohl (ﬁ*)) WhEuohl (5*) _ Op(n—l/Q),

i=1

or, since W}, has a full rank,

— 0, (n"12).

hi (B) = By (8°)

By similar arguments and using (43), we can show that

g (09) = Bogr (07)|| = 0p (n712).
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B Auxiliary Lemma

Lemma 13 Under the assumptions of Theorem 12 and Hy, we have the following

results.

(a) Hé(s) g

=0, (n"'?) and HB(S) - =0, (n71?).

(b) AW =0, (n71/2).

Proof of (a). The first-order conditions at iteration s are:

o (o))

" o1 1+ A0 (é(s), B); pla=D), fle=), o= 1)> ) (46)
L <8hi (B@))' /05) WiEjye by <ﬁ - 1)>

" z; 1+ A6 (é(s),g@; D Q1) o 1)> ! (47)

0= l z": g <é(8)>/W Egev 1 (é(s_l)) —hi (B(SA)>/ WhA sa-nh1 (B ) g

o 1+ A6)d (A , B DNICRDS 5(8—1)>

Let 6, — Hé<s> S| IO A6

(46)-(48) around (é<s>, 3, ;@) (6°, 3,0), we obtain:

. Expanding the first-order conditions in

o0 = 5 3 B (5) +
) 2 g () (19-0).

V) +

> e () (7=,

_%gdi<9*,ﬁ*;ﬁ(81 CN G 1))+

+ (ng & W,y E 11 (9(5 1>)

oh; (B*)
op (6n) = 0 Z Q(ﬂ WhEjs-1h
i=1

3

G
)5

+ (Iph & Wi Eyenhy ( s 1>)
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4 Byengr (000) i 20 (5~ o)

- ”hl( > Z a&( _ﬁ*>

n

&2 <9*’ 55 peD), é(s—l)’B(s—1)> A6)

i=1

S|

+

By Assumptions 9 (b) and 11 (c) and (d), and since by the assumptions of the lemma,

P
values, the above equations yield

E..-1nq (é(3*1)> and Ejy.-1)hy (B(Sfl)> are n~Y/? distant from their respective true

1 <= Og; (0% .

o0 (02) 0y (1) = 13 HW, B, () (49
1= 0 dg; (0 .
(I, @ W,E,,01 (6)) %Z%@e ( gaé, )> (e<8> 0 )

1 < 0h; (BY) .

0p (0n) + Op (nil/Q) I ; (9<§ ) WhEyohy (87) (50)
(@ W (7)1 3 e (T ) (30 7).

o0 00) + 0 (077 = 1 D20 50 .7 6V

B (07 W, Z 8930, ) (é(g _ 9*)
—Euh (8 Y, L Z 8ha;* ( B 5*>

T ZdQ <9* 5 peD (571)’3(571)> A

By the population first-order conditions for §* and 5* and Assumption 9(b),

dg: (6* )

B2, B 0) = 0, (52
oh; (B*

Euo a(g ) WhEuohi (6*) =0.
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Hence, the first terms on the right-hand sides of (49) and (50) are O, (n~'/2). Further,
by Assumption 11 (c¢)-(e), the matrices

(I, ® WyEuog1(67)) ~ ; a0 ( o0 ) ’

y 1~ 0 Oh; (B
(U, Wyt (57) 5 3 g rvee (o)
=1

are nonsingular and finite with probability approaching one. Thus, the conclusion
follows from the same argument as on page 318 of Qin and Lawless (1994).

Proof of (b). Under Hy, E,,d; (6%, 5*; 110, 0*, 5*) = 0, and therefore the first sum-
mand on the right-hand side of (51) is O, (™Y ?). The second and third summands
are O, (n!) by (52) and part (a) of this lemma. Further, by Assumption 11 (a) and

o). n
l Zd? (0*76*;]3(8_1)7 é(s—l),é(s—l))
n
i=1

is strictly positive and finite with probability approaching one. The conclusion is
followed by solving (51) for A*). W
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