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1 Introduction

This paper is concerned with testing hypotheses about the pre and post break value of a para-
meter in a time series model with a single break. By reversing the time ordering, inference about
the post break value becomes inference about the pre break value, so that for simplicity, we will
exclusively discuss the post break case. If the break date is known, inference is straightforward,
as standard results apply after restricting attention to the stable post break data. The effect of
an incorrectly chosen break date crucially depends on whether the chosen date is earlier or later
than the true break date. On the one hand, if the chosen date is later, then a restriction to the
presumed post break data still yields a stable model, and inference remains valid. There is a
cost of efficiency, though, since more post break data could have been used. On the other hand,
if the chosen date is earlier than the true break date, then the presumed post break data stems
from an unstable model. Parameter estimators in this unstable model tend to yield estimates
of the average parameter value, which is different from the true post break value, so standard
inference yields tests and confidence intervals with distorted size.

These distortionary effects are small if the chosen break date is sufficiently close to the true
break date. With the break date unknown, this requires a precise break date estimator. As
formally shown by Bai (1994, 1997) and Bai and Perron (1998) for linear regressions, and Hall,
Han, and Boldea (2008) for two stage least squares, the least squares break date estimator is
indeed sufficiently precise for these distortionary effects to become asymptotically negligible if
the parameter shift is sufficiently pronounced. Formally, these papers study asymptotics in
which the break magnitude, while possibly shrinking, is outside the local 7'/ neighborhood.
Relative to the sampling uncertainty of the parameter estimator in a stable model, the parameter
shift thus becomes infinitely large. We consider the behavior of 5% nominal level two-sided test
based on the least squares break date estimator under local asymptotics in Section 2.1.2 below.
With the break restricted to the middle 70% of the sample, the largest null rejection probability
is almost 30%, a break magnitude of less than 5 standard deviations leads to effective size of
more than 10% for all break dates, and a break of 11 standard deviations still yields size greater
than 10% for some break dates. These distortions are further exacerbated by an attempt to pre-
test for parameter stability. In other words, for any sample size T', there exist a break magnitude
for which these standard methods yield incorrect inference, so they are not uniformly valid.

It is instructive to consider these issues in the context of an example. Productivity growth
in most developed nations appears to have suffered shifts in its mean a number of times. Most
researchers agree on a downward shift in productivity following the oil crisis of 1973, typically

dated at the third quarter. In post 1973 data, there is a suggestion of a mid 1990’s upward shift
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Figure 1: Quarterly growth in non farm business productivity growth and average growth pre
and post 1995 Q4 (BLS series PRS85006092)

Table 1: Inference about current US productivitg growth

Method 95% Confidence Interval
Break date chosen [1.36,3.42]
Least squares break date estimator [1.97,3.27]
Test of this paper [1.99,3.37]

in average productivity growth and speculation about its cause. A recent summary appears
in Jorgenson, Ho, and Stiroh (2008), who informally suggest a break in the fourth quarter of
1995. Gordon (2003) also dates the increase to 1995. Anderson and Klieson (2006) refer to the
increase in productivity as the ’defining economic event of the past decade’.

Figure 1 plots quarterly observations of US non farm business productivity growth, along
with the pre and post break means using Jorgenson, Ho, and Stiroh (2008) break date of 1995
Q4. Based on this data, quarterly productivity growth increased by 1.1% in 1995 Q4. The
least-squares estimate of the break date is slightly later at 1997 Q1. The first two rows of Table
1 contain 95% confidence intervals for current US productivity growth, conditional on these two
break dates. The parameter stability test of Elliott and Miiller (2006) fails to reject the null
hypothesis of stable mean growth on the 10% level.

With a (long-run) standard deviation of quarterly productivity growth of approximately 3%

and a sample of T" = 136 observations, 5-11 standard deviations of the full sample estimator



correspond to a 1.3-2.8% shift in quarterly productivity growth. Absent prior knowledge that the
break date is indeed 1995 Q4, or that the change of productivity is at least of the order of 1.5%,
nothing suggests that either interval has close to its nominal confidence level. More generally,
it seems hard to argue that break magnitudes of less than 11 standard deviations of the full
sample estimator are not part of the empirically relevant parameter space in most applications.
One way to see this is that shifts of, say, 8 standard deviations tend to induce highly significant
rejections of the null hypothesis of parameter stability with high probability—see Elliott and
Miiller (2007). Yet there is continued debate about the stability of monetary policy, for instance,
with Orphanides (2004) arguing for rather stable relationships, while Cogley and Sargent (2005)
find instabilities that they deem ’economically important’, but of a magnitude that would be
detected by a formal parameter stability test less than 25% of the time.

Simple adjustments to the standard procedure that ensure size control over all break magni-
tudes do not deliver reasonable tests. For instance, in the set-up mentioned above and described
in detail in Section 2.1.2, the critical value for the 5% two-sided t-statistic would need to be
increased from 1.96 to approximately 4.9 to ensure uniform size control, with obvious adverse
effects on power.! A Bonferroni procedure based on uniformly valid confidence sets for the break
date developed by Elliott and Miiller (2007) performs well for large breaks, but has poor power
for breaks of moderate magnitude.

The main contribution of this paper is the construction of a powerful test about the post
break parameter value in a general GMM time series model with unknown break date that
controls size uniformly over the break magnitude. This test follows a switching rule: if there is
strong evidence for a large break, then the test essentially reduces to standard inference using
post break data determined by the least squares break date estimator, with a slight increase of
the 5% critical value from 1.96 to 2.01. In absence of strong evidence for a large break, the test
switches to a likelihood ratio test. This likelihood ratio test is carefully constructed to ensure
both overall size control and approximate efficiency in the sense that for a particular weighting
function, (local asymptotic) weighted average power of the suggested test is demonstrably at
most 2.5% smaller than the weighted average power of any test that controls size.

From a statistical point of view, the problem is one of constructing powerful tests in the
presence of a nuisance parameter under the null hypothesis—the nuisance parameter being
the break data and break magnitude, neither of which can be consistently estimated under
local asymptotics. We appropriately modify the algorithm developed in Miiller and Watson

(2008a) to identify the approximate least favorable distribution for this nuisance parameter.

!This adjustment to the critical value is also the end result of the size corrected hybrid subsampling method

recently advanced by Andrews and Guggenberger (2007a, 2007b).



This approximate least favorable distribution identifies the null density for the likelihood ratio
part of the test statistic, and, using the insight of Miiller and Watson (2008a) and Andrews,
Moreira, and Stock (2007), allows the construction of an upper bound on the power of all tests
that control size.? Beyond overcoming the substantial ’engineering’ challenges in this example
with a two dimensional nuisance parameter, exacerbated by the impossibility of accurately
representing continuous time Gaussian processes on a discrete computer, a further contribution
of this paper to this methodology is a careful consideration of size control. A test controls size if
the rejection probability, viewed as a function on the null parameter space, takes on values below
or at the nominal level. The standard approach is to evaluate the rejection probability for a grid
of parameter points by Monte Carlo, and to conclude size is controlled if none of the estimates
is larger than the nominal level. We develop an alternative algorithm that, while still based on
Monte Carlo estimation, instead estimates (an upper bound on) the whole rejection probability
function, ensuring that no additional implicit smoothness assumptions are necessary. It is
important to note, however, that all of these ’engineering’ challenges only concern the derivation
of the suggested test; its application for a given sample is essentially no more difficult than the
estimation of the GMM model over 142 different subsamples.

In many ways, the analysis in this paper mirrors the developments in the weak instrument
literature over the last decade: Similar to Staiger and Stock (1997), we consider an alternative
asymptotic embedding that formalizes the lack of uniform validity of the standard method. Akin
to their rule of thumb that standard asymptotics are approximately reliable when the first stage
F-statistic is sufficiently large, we suggest a formal switching rule to the least squares break
date based inference when a parameter stability test is highly significant. Finally, as Andrews,
Moreira and Stock (2006, 2007), we consider tests that are efficient relative to a weighted average
power criterion, and identify an approximately optimal test.

Returning to the US productivity example, the last row in Table 1 shows the 95% confidence
interval constructed by inverting the test suggested here. In this example, the interval is only
slightly wider than the one based on the least squares based break date estimator, and remains
informative about current US productivity.

The remainder of the paper is organized as follows. The next section defines the asymptotic
analogues to the small sample post break parameter inference problem, quantifies the lack of size
control of inference based on the least squares break date estimator, summarizes our solution

and discusses the relationship of the small sample problem in parametric and GMM models to

2By reframing the issue of identifying a powerful test with uniform size control in general decision theoretic
terms (see Section 3.2 below), this power bound is closely related to the bound on the minimax value generated

by the least favorable distribution over a subset of possible distributions, as analyzed by Chamberlain (2000).



the limiting problem. In Section 3, we discuss in detail the construction of the suggested test,
the determination of its size and the bound on power. The test statistic is defined in terms of
partial sample GMM statistics (cf. Andrews (1993)) in Section 4, where we also consider its
asymptotic and small sample properties. Proofs not given in the main text are collected in an

appendix.

2 Limiting Problem and Underlying Models

The natural large sample analogue to small sample post break parameter inference is an inference
problem about the drift component of a Gaussian process on the unit interval. The scalar
version of this limiting problem is discussed first. We investigate the corresponding asymptotic
properties of least squares break date based inference, and provide an overview of our line of
attack, along with the key properties of the solution we provide. The second subsection considers
the multivariate limiting problem, and shows in which sense the approximate efficiency of our
solution in the scalar case carries over to the multivariate case. Finally, subsection 3 provides a
formal link between the underlying small sample problem to the multivariate limiting problem

for both parametric and GMM time series models.

2.1 Scalar Limiting Problem
2.1.1 Statement of the problem

The main focus of this paper is the following hypothesis testing problem: Suppose we observe
the scalar Gaussian process G/(-) on the unit interval (a random element with values in Dy,

the space of cadlag functions on the unit interval)
G(s) =W(s)+ s+ dmin(p,s), s€][0,1] (1)

where W(-) is standard Wiener process and (,d € R, and p € [0.15,0.85]. The process G(s)
is a Wiener process with drift g + 0§ for s < p, and drift § for s > p. The testing problem
is Hy : f = 0 against H; : § # 0, so that geometrically, the question is whether the slope
of the deterministic component s + d min(p, s) is equal to zero after the (potential) kink at
s = p. The location p and magnitude § of the kink are nuisance parameters. This composite
nature of the hypotheses can be made more explicit by introducing the notation 6 = (3,4, p),
Oy = {0 = (0,d,p) : d € Rand p € [0.15,0.85]} and ©; = {0 = (5,0,p) : S # 0, 6 € R and
p € 10.15,0.85]}, so that the hypothesis testing problem becomes

Hy:0 =0, against H, :0€0,. (2)
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Let ¢ : Djgq — [0,1] be a possibly randomized test of (2), where ¢(g) indicates the condi-
tional probability of rejecting the null hypothesis test conditional on observing G = g. If the
range of ¢ only consists of the two values {0, 1}, then ¢ is not randomized. The unconditional
rejection probability is then simply the expectation of ¢(G), which we write as Ey[p(G)] to
indicate that this expectation depends on the value of #. With these definitions, a test ¢ is of
level 5% if

Ey[p(G)] < 5% for all § € ©. (3)

To illustrate the link to the post break parameter inference problem, consider observations

{y:}I_; from a scalar Gaussian model with a break in the mean at time 7
Yy =+ AL < 7] +¢e, & ~N(0,1). (4)

We then have the following equality in distribution
sT
T-1/2 Zyt ~G(s) foranyse {t}
t=1

where p = 7/T, 3 = T"?jand § = T2 A. Except for the scaling by 7-/2 and the discretization
s € {%}{_,, the testing problem (2) involving the observation G is therefore identical to inference
about the post-break mean in Gaussian location model (4), with the break date restricted to be
in the middle 70% of all observations. We argue below how the testing problem (2) based on the
observation G(-) naturally arises as the asymptotically relevant problem in more complicated

settings, but first discuss this limiting problem in more detail.

2.1.2 Tests Based on Least-Square Break Date Estimator

As discussed in the introduction, Bai (1994, 1997) and Bai and Perron (1998) suggest and ana-
lyze the following procedure for conducting inference about the post break value of a coefficient
in a linear regression that is subject to a break: Estimate the break date by least-squares, con-
struct a post break dummy using this estimate, and perform the usual t-test on that dummy.
These papers show that this procedure results in asymptotically correct inference for break mag-
nitudes that diverge when multiplied by the square root of the sample size. This corresponds to
|d] — oo in the notation developed here. Another procedure, arguably most prevalent in applied
work, first performs a pretest for a break on some conventional significance level, followed by
standard full sample inference about the post break value if no significant break is found, and

performs least-squares based post break inference as above if the pretest rejects.



In the limiting problem (1), the nominally 5% level least squares and pretest procedure

(based on the supF statistic) correspond to the test
1[supF > cvpe(apre)|1[[E] > @(0.975)] + L[supF < cvyre(apre)]1[|G(1)] > ®(0.975)]  (5)

where cv,e(ayre) is the critical value of the supF statistic of level o, as tabulated in Andrews
(1993), (and cvpe(1) = 0 corresponds to always using the least squares break date estimator,
with no pretest), ®(0.975) ~ 1.96 is the 97.5th percentile of a standard normal and
(CR)=pGW?  ;_GH-CH)
pl—p) L—=p

Under standard assumptions, the large sample properties of the small sample pretest and least

. (G(r) —rG(1))?

p = argmax,.c(o.15;0.85] T(l — ?”) s

suplF =

square based tests in a linear regression with a single coefficient converge in distribution to those
in (5) for breaks of magnitude 7~'/2—this follows, for instance, from Proposition 1 of Elliott
and Miiller (2007).

Figure 1 displays the null rejection probability of (5) for a,.. =1 (no pretest), a,.. = 0.10,
apre = 0.05 and o = 0.01 as a function of § for selected values of p, based on 50,000 Monte
Carlo draws and 1,000 step random walk approximations to Wiener processes. None of these
tests comes close to controlling size uniformly over 9§, with null rejection probabilities of at least
20% for some value of (p, §). Pre-testing for a break seems to both substantially exacerbate and
shift the size control problem to larger values of 9.

In fact, to obtain a 5% level test in the no pretest case, one must employ a critical value of
approximately 4.9 instead of ®(0.975) ~ 1.96 for the t-statistic, with size still approximately
equal to the nominal 5% level at the point (p,d) = (0.85,6.8). Denote this size corrected test
¢rg- Because the worst size distiortion occurs for a strictly positive break magnitude, the size
corrected hybrid subsampling method of Andrews and Guggenberger (2007a, 2007b) reduces
to the size corrected fixed critical value test ¢;q. Alternatively, one could always use the test
©0.55(G) = 1[|G(1) — G(0.85)|/+/0.15 > 1.96] which corresponds to a usual 5% level t-test based
on the last 15% of the data. As one would expect, though, the power of both ¢;¢ and ¢ g5 is
quite poor (we provide power computations in Section 4 below), motivating the construction of

an alternative test.

2.1.3 Approximately Weighed Average Power Maximizing Test

No uniformly most powerful test exists for inference about 3 in absence of knowledge of p and 9.
Some tests will have good power for certain ranges of value of p and 9, while performing poorly

for other values. To obtain a reasonable assessment of the overall quality of tests, we therefore
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meter value based on least squares break date estimator.



adopt a weighted average power criterion, as, for instance, in Wald (1943) and Andrews and
Ploberger (1994). Specifically, we seek to determine a 5% level test ¢ that comes close to
maximizing

WAP(p) = [ Eulo(G)aF(6) (")

where the weighting function F' is chosen as follows.

Condition 1 Under F, p is distributed uniform over [0.15,0.85] and (3, 0) is bivariate normal
independent of p, with 3 ~ N(0,0%), 6 ~ N(0,03) and (8 independent of 5 + &, where o3 = 22
and % = 400.

The Gaussianity of the marginal distribution of # and ¢ in F' under Condition 1 is chosen
for analytical convenience, and the independence of the pre and post break parameter values
f and [ + § mirrors the independence of the pre and post break sample information G(p)
and G(1) — G(p). The value of 03 = 22 is motivated by King’s (1988) discussion of overall
reasonable point-optimal tests, since it turns out that for aé = 22, the best 5% level test has
approximately 50% weighted average power. The uniform weighting over p accords to the choice
in Andrews and Ploberger (1994) and is intended to generate reasonable power for all break
dates p € [0.15,0.85]. Finally, the value 02 = 400 is motivated as follows: For large d, (say,
|d] > 12 or so) there is a lot of information about the break date p, and good tests can come close
to performing as well as if p was known. By putting enough weight on rather large values of 9,
the choice 02 = 400 ensures that tests that perform well according to WAP share this desirable
feature. At the same time, the distribution A(0,400) concentrates about half of its mass on
|0] < 12, so tests with high WAP must also perform reasonably in the arguably empirically
relevant region for § where the lack of knowledge of the break date severely complicates good
inference about f3.

By Girsanov’s Theorem, the Radon-Nikodym derivative of the measure of G in (1) with
parameter 6 € Oy U O relative to the measure v of the standard Wiener process W, evaluated
at G, is given by

fo(G) = expldG(p) + BG(1) — 5(B + 280p + 6°p)]. (8)
Expressed in terms of the density fy, the hypothesis test (2) becomes

Hy : The density of G is fy, 0 € Og (9)
H; : The density of G is fy, 0 € O,

and, as noted above, both the null and alternative hypothesis involve the two nuisance parame-

ters 0 and p. Note, however, that weighted average power can be rewritten as

WAP(¢) Z/Ee[ // G) fodF (0



as Fubini’s Theorem justifies the change of order of integration. Thus, maximizing weighted

average power is equivalent to maximizing power against the single alternative
Hp : The density of G is h = /fng(G) (10)

and the remaining challenge is to deal with the composite nature of the null hypothesis. The
key insight that allows us to make further progress is Lemma 2 of Miiller and Watson (2008a),?

which we reproduce here for convenience.

Lemma 1 Let A be a probability distribution on ©g, and let ¢, be the best level av test of the
null hypothesis Hy : The density of G s f fodA(0) against Hr. Then for any level a test ¢ of
Hy against Hp, [ @ hdv > [ @hdv.

Proof. Since ¢ is a level « test of Hy, f pfedv < « for all §# € ©y. Therefore,
[ [ofodvdA(0) = [ [ ofedA(0)dv < o (where the change in the order of integration is al-
lowed by Fubini’s Theorem), so that ¢ is also a level « test of Hy against H;. The result follows
by the definition of a best test. m

Lemma 1 formalizes the perfectly intuitive result that replacing the composite null hypothesis
H, with the single mixture null hypothesis H, can only simplify the testing problem in the sense
of allowing for more powerful tests. Its appeal lies in the fact that the best test of H, against
Hp is easily constructed: by the Neyman-Pearson Lemma, the best test rejects for large values
of the likelihood ratio statistic h/ [ fpdA(6). Thus, Lemma 1 provides a set of explicit power
bounds on the original problem, indexed by the distribution A.

Lemma 1 can usefully be thought of as generalizing a standard result concerning tests with
a composite null hypothesis; see, for instance, Theorem 3.8.1 of Lehmann and Romano (2005):
A distribution A** is least favorable if the best level «r test of Hy«+ against the single alternative
Hp is also of level « in the testing problem with the composite null hypothesis Hy against Hp, so
that—using the same reasoning as in the proof of Lemma 1—this test is also the best test of H
against Hr. In contrast to this standard result, Lemma 1 is formulated without any restriction
on the probability distribution A. This is useful because in many contexts, it is difficult to
identify the least favorable distribution A** (and it may not even exist).

The strategy suggested by Lemma 1 is to work instead with a numerically determined ap-
proximately least favorable distribution A*: Suppose we knew of a A* such that (i) the best 5%
level test of Hy+ against Hr, @,., has power 51.5% and (ii) the best 4.7% level test @,. of Hy«

3The same insight was applied independently by Andrews, Moreira, and Stock (2007) in the weak instrument

problem.
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against Hr has power 49.0% and ¢,. is a 5% level test of Hy. Using Lemma 1, this would
imply that no 5% level test of Hy against H; can exist with weighted average power larger than
51.5%, and at the same time, we would have identified the 5% level test @,. of Hy against H;
whose weighted average power is only 2.5% lower than this bound.

This is the basic idea underlying the construction of our suggested test ¢* detailed in Section
3. For reasons discussed there, the test ¢* is only roughly equivalent to a Neyman-Pearson test
- relative to an approximately least favorable distribution. This is irrelevant for the logic
outlined above, only the validity of the power bound via Lemma 1 depends on its derivation
from a best (i.e. Neyman-Pearson) test.

We postpone further details of the construction of the power bound and the test ¢* to

Section 3 below. The following proposition summarizes the main finding.

Proposition 1 Under Condition 1,

(1) any 5% level test ¢ of (2) has WAP(p) < 7 ~ 51.5%;

(i1) the (nonrandomized) test ¢* defined in the appendiz is of level o* ~ 5%, and has
WAP(g*) = 7 =~ 49.0%.

The numbers for 7, o and 7* in Proposition 1 are estimated based on 50,000 independent
Monte Carlo draws. As discussed in detail in Section 3, they are mot subject to any other
qualifications, such as a replacement of the level requirement (3) by a finite set of values for

(0, p) or a finite step Random Walk approximation for draws of G.

2.2 Multivariate Limiting Problem

Now assume that in the hypothesis testing problem (2) we observe a multivariate version of (1),

(c:(s)):( 10 >(W(s)>+/s(ﬁ+5~l[kﬁp])cu a1
é(S) Ay A Wk(s) 0 fN)

where G is k x 1, the k x 1 vector Ay and the k x k full rank matrix A,y are known, W, is a k
vector standard Wiener process independent of W, and f (A) is a Dygq) — R* cadlag function,
so that (G, G") € Dﬁﬁ. Except for Var[G(1)] = 1, the transformation by Ay and Asy allows
for any full rank covariance matrix of (G(1),G(1)")’. With (G,G")’ as the observation, tests ¢
are now mappings from DEBE — [0, 1], and the rejection probability is given by E, [¢(G, Q)]
(the rejection probability also depends on Ay and Ags, but we omit this dependence for ease of

notation).

11



For the link to the post break parameter inference problem, think again of a Gaussian

location problem

Alft < 1 Al
o I ~[ =7, . e~ N(0,%) with $ = 21
T i, Ag1 A Ay + A Ay,

(12)
where @, fi, € R¥, so that partial sums T-Y23°7_ (y;, 3,)" have the same distribution as (G, Gy
for s € {t/T}L,, where p = 7/T, 3 = T"?u, § = TY2A and f(t/T) = T*?f,.

The first element in (11), G, is distributed exactly as in the scalar problem (1) above. Thus,
if we define ¢* to be the same test as above, that is, ¢* is a function of G only, then ¢* continues
to have the properties indicated in Proposition 1. The rejection probability of ¢* obviously does

not depend on the distribution of G, so that in particular

Ey ilp*(G)] < o for all fand 6 €O, (13)
_inf  WAPj(¢") = sup WAPqp") =7" (14)
FOEDf Feyenk
where for a generic test ¢ : fo;fﬁ = [0,1], WAP;(p) = [ E, j¢(G, G)]dF(6). In other words,

*

©* is a robust test of Hy : 6 € Og from observing (11) in the sense that its size and weighted
average power does not depend on the nuisance parameter f .

In the following, we restrict attention to the case where f is known to be of the form
f(\) = B+61[)\ < p| for B,6 € R*. This corresponds to a Gaussian location problem (12) where
g undergoes a single mean shift at the same time as y;. Write Ej 5 5 for the expectation with
respect to the distribution of (G, G’)’ with f of this form, so that a 5% level test ¢ : Df“ﬂ [0, 1]
now satisfies Ey 5 5(»(G, G)] < 0.05 for all § € O, 3,0 € RF.4

Proposition 2 (i) For any unbiased 5% level test o,
Ey 5510,(G)] = Ey 55[0(G,G)] = 0 for all 0 € ©1, 3,6 € R¥

where ¢ (G) = 1[\%\ > $(0.975)].
(ii) Let F be the probability distribution for (6, 3,0) with the same marginal distribution for
0 as under Condition 1, and (B,0) = (BAs1,6As1) conditional on 6. For any 5% level test

[ BosilelG.GlaF0.5.5) < 7 = 515

1 All following propositions also hold for the scalar case (k = 0) with the natural interpretation of notation.
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11) Suppose in additton that 0 = nown, so that tests o : — |0, 1] are of 57 level ¢
1) S in addition that 6 =0 k h Dﬁ;’ﬁ 0,1 f 5% level if
Ey50l0(G, G)] < 0.05 for all 6 € Oy and [ € R*. Consider the group of transformations

<Cj(8>>_>< Gl ),BeRk. (15)
G(s) G(s) + bs

For any 5% level test ¢ invariant to (15), the rejection probability E,j,[¢(G), G)] does not

depend on B, and under Condition 1,
WAPiw() = [ Eyjoli(GLGNAF(6) < T (R

where R? > R? = Al (AnAh + ApAly)t Ay, and Tipy(0) = T ~ 12, 7in(0.2) ~ zm,

Tinw(0.4) >~ 2, Tiny(0.6) >~ zx, and T, (0.8) ~ xx.

Part (i) of Proposition 2 establishes that the usual two-sided t-test using post break data
G(1) — G(p), ¥, is the uniformly most powerful unbiased test in the multiparameter problem
with (11) observed. With p unknown this test is infeasible. It nevertheless provides an arguably
relevant benchmark to assess the performance of other tests. In particular, note that ¢, just
like ¢*, does not depend on G, but is a function of G only. We compare the power of ¢* to
that of ¢, in detail in Section 4 below, and find that for large |0], the power becomes quite
close. Thus, for large |d|, ¢* has similar rejection properties as the uniformly most powerful
unbiased test, so that there is at most a small cost in terms of power for ignoring the additional
information in G. (Although ¢* is not unbiased, as it is not similar—see Section 3 below.)

Part (ii) of Proposition 2 shows that for a particular weighting function F with the same
marginal distribution as F' on 6, no 5% level test can have weighted average power larger than
7. At the same time, (14) implies that the weighted average power of ¢* with respect to Fis
equal to 7*, and, by Proposition 1, 7* is only slightly smaller than 7. In this sense, * is close to
being admissible also in the hypothesis testing problem with (11) observed. Thus, any test with
"substantially" larger power than ¢* for some (6, 3,0) is less powerful for some other (6, 3,9).
Given this inevitable trade-off, the choice of ¢* of approximately maximizing weighted average
power relative to F has the perhaps appealing implication of yielding a test whose weighted
average power over ¢ does not depend on the nuisance parameters (B , 5)

Finally, part (iii) of Proposition 2 provides bounds on the gains in weighted average power
that are possible if it is known that the other parameters do not undergo a break, 6=0 (or,
equivalently, if 5 was known) under an invariance requirement that corresponds to changes
of the mean of the additional k observations. A maximal invariant to this group is given by

(G(s), G(s) — sG(1)). Intuitively, these power gains are possible because if G is correlated with
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G (R? > 0), observing G(s) —sG(1) = W (s)—sW (1) provides information about W (s)—sW (1),
which is useful for for learning about p and §. In the extreme case of perfect correlation (R?* = 1),
W (s)—sW(1) is effectively observed, and by comparing G(s) — sG(1) to W (s) —sW (1), one can
back out p and ¢ and obtain as powerful inference about [ as if there was no break in the model.
The numbers for 7;,, were estimated using xx,000 independent Monte Carlo draws. They show
that rather large values of R? are necessary before knowledge of 6 =0 could potentially be used
to generate tests with substantially larger weighted average power than ¢*.

In summary, the test ¢* that disregards the additional observation G in (11) is (i) robust
in the sense of providing reliable inference about /3 regardless of the nuisance function f; (ii)
for large 0 has a rejection profile that is close to that of the uniformly most powerful unbiased
test; (iii) is close to admissible in a model where other parameters undergo a break at the same
time; (iv) approximately maximizes weighted average power even when it is known that only
the parameter of interest is subject to a break as long as R? is small. For these reasons, the
remainder of this paper focusses on ¢* as a reasonable test also in the multiparameter context
of (11). We note, however, that it should be possible in principle to use the numerical methods
discussed in Section 3 to also identify 5% level feasible test that comes close to maximizing
weighted average power by efficiently exploiting the additional observation G when it is known

that only the parameter of interest is subject to a break, for any particular value of R2.

2.3 Asymptotic Efficiency Implications for Underlying Models

In this subsection, we discuss how the scalar and multiparameter limiting problems (1) and
(11) arise as the relevant asymptotic problems in standard small sample post break parameter
inference. We consider two distinct approaches to asymptotic efficiency of tests: On the one
hand, we rely on LeCam’s Limits of Experiments theory to derive upper bounds on power in
correctly specified likelihood models. On the other hand, we exploit the recent results of Miiller
(2007) and provide upper bounds on post break parameter tests in time series GMM models

under an asymptotic robustness constraint.

2.3.1 Parametric Models

Let X7 = (vr1, - ,x07) € R be the available data in a sample of size T, so that tests ¢,
are sequences of (measurable) functions @5 : R +— [0, 1]. The density of Xr, relative to some
o-finite measure i, is given by the product HZ;1 fr.¢(T;), when the parameter I' € R¥! takes
on the value I'; at time ¢. This form of the likelihood arises naturally when fr;(I';) is the density

of xr; conditional on §r;_1, the o-field generated by {xr 2;11 We will refer to the model with
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density [[,_, fr:(To) as the ’stable’ model. Define I7,(T") = In fr,(T"), s74(T') = dlr4(T)/T
and hr; = Osr,(T)/0T, and suppose T~' > hr, 2, —H in the stable model for some positive
definite and known (k + 1) x (k + 1) matrix H, so that H~! is the Fisher information. In the

unstable model, the parameter vector I' evolves as

Py =To+ T ( ﬁg’ ) + T2 ( ‘5; > 1[t < T (16)

where w? is the 1-1 element of H, 3,6,p € R and 3, € R*, and p € [0.15;0.85]. We assume
I'y to be known; while this unrealistic, such knowledge can only increase the upper bounds on
power derived in Proposition 3 below. The hypothesis of interest continuous to concern the

value of the post break parameter
Hy:5=0 against Hy:[#0. (17)

The factor w > 0 in (16) ensures that asymptotically, the small sample problem (17) maps
to the limiting problem (11) where the disturbance in G is a standard Wiener process. Tests
@r : R = [0,1] of (17) have unconditional rejection probability F, 5 ;{07 (X7)] in a sample of
size T', and ¢ is defined to be of asymptotic level 5% if limsupy_,., By 5 5lor(Xr)] < 5% for
all 0 € Oy, 3,0 € R".

Under suitable regularity conditions on the parametric model, one can show that the like-
lihood ratio statistic LRy between the model with parameter evolution described by (16) and

the stable model satisfies

LRy = T3 (T —Lo)'s(To) + 377" 0y (Pr — Fo) he(To) (Tre — To) + 0,(1)

;x/l ( B+81A <) )'2_1d< GOV > _1/1 ( B+01A < g )'2_1 ( B+ 01 < )
o \ B+01[\<p G(N) 2Jo \ B+1[\ < B+ 61\ < p
(1)
where ¥ = w?H 1. Ther.h.s. of (18) may be recognized as log of the Radon-Nikodym derivative
of the distribution of (G, G")’ with respect to the distribution of the (k+ 1) x 1 Wiener process
(W, (ApnW + Ay, W,,)'). This suggests that the information regarding (6, 3,0) from observing
Xr converges in large samples to that contained in (G, G ). This intuition is made formally
precise in the Limit of Experiments theory pioneered by LeCam; see, for instance, van der
Vaart (1998) for an introduction.

Condition 2 in the appendix states sufficient regularity assumptions that imply conver-

gence of experiments in this sense. The Asymptotic Representation Theorem (see, for instance,

Theorem 9.3 of van der Vaart (1998)) and Prohorov’s Theorem then ensure that for any test

15



o : R — [0, 1] and any subsequence T" of T, there exists a further subsequence 7" of T" and
a test @ : DEBE — [0, 1] such that

Ey 5 5lpr(X7n)] — B, 5510(G,G)] for all § € ©9U Oy, 3,6 € RY. (19)

Thus, along any such subsequence 7", the asymptotic properties of ¢, are exactly equivalent
to a particular test ¢ in the limiting problem discussed in Section 2.2 above. Define a test ¢
as asymptotically unbiased if any test ¢ satisfying (19) is unbiased. Similarly, define a test ¢,

as asymptotically invariant if any test ¢ satisfying (19) is invariant to (15).
Proposition 3 (i) For any asymptotically unbiased test o of asymptotic level 5%,
li;n sup B 5 5l07r(X1)] < By 55(0,(G)] for all 0 € 0,3, € R

(ii) For any test o of asymptotic level 5%,

=

limsup [ B, 3l¢r(Xr)dF(©) < 7.

T—o0

(i11) For any asymptotically invariant test o of asymptotic level 5%,

lim sup/Eeﬁ’O[goT(XT)]dF(Q) < Tino(R?)  for all B € R”.

T—oo

Proposition 3 almost exactly mirrors the results of Proposition 2 above. Furthermore, we
argue in Section 4 below that the feasible test ¢* : R9T — [0, 1] has the same asymptotic rejection
properties as the test ¢* under (16). Thus, to the extent that Proposition 2 implies ¢* to be an
attractive test in the context of the multivariate liming problem (11), " is correspondingly an
attractive test in the context of post break inference in a correctly specified parametric model

that is subject to a local break.

2.3.2 GMM Models

We now turn to an application of the asymptotic efficiency concept introduced by Miiller (2007),
which we use here to state asymptotic power bounds on post break parameter inference in a
class of GMM models. Let the moment condition be the R'-valued function g(-,-), so that
E[g(z74,To)] = 0 when the true parameter at date ¢ is given by ' = I'y. Let the RE+D>! valued
function Y'(-,T") be the partial derivative of g with respect to I', and write g;(I") = g(x7,,I') and

T4(T") = T(x7,, I') for notational simplicity. Under the parameter evolution (16), conditional on
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7, the natural estimators for the pre and post break value of I' are given by the GMM estimator

using pre and post break data,

et = wxap (Eo) e (£50)

T ! T
Fpost(T) = arg ml_in (tzl gt(r)) V;)ost (tzl gt(r)>
=T+ =T+

with f/pre and f/post possibly data dependent [ x [ positive definite weighting matrices, and asso-
ciated covariance matrix estimators Qpre(T) and onst(T) of f‘pre(T) and fpost(T), respectively. A
natural starting point for inference about the post break parameter value in absence of knowl-

edge of p € [0.15;0.85] are thus the processes {Tpre(|-T]), Tpost ([T ])s Qore (1 T])s Qpost (|- T])} €

4(k+1)
D[0.15,0.85] )

T2 Z}:le 6:(To) = S8 Wies1 () for some positive definite matrix ¥, and 7! Z}:TH T,(Ty) &

.Y for some full column rank matrix T, the usual Taylor expansion arguments yield, for the

where |z| denotes the largest integer smaller or equal to z € R. Assuming that

case of efficient GMM estimation,

{TY2T e (18T ])s TV Lot ([T ), Tpre(1ST)), Tpost ([T 1)}

= {( (?(8) > , ( (?(D B (?(S) > , 5w (1 — 5)w22} (20)
G(s) G(1) = G(s)
in D[((ﬁ;}lxgtl, where now w?% = (T'Q,'T)~! (cf. Andrews (1993)).

Consider the set of data generating processes for X7 that satisfy (20). One might want to
choose the tests ¢, of (17) in a way that whenever (20) holds with 8 = 0, the test does not
overreject asymptotically, that is limsupy_, ., F 3 5l07r(X7)] < 0.05 for all § € Oy, 3,0 € RF
for any sequence of distributions of X7 that satisfies (20). Miiller (2007) shows that under this
robustness constraint, the best small sample test becomes the best test in the limiting problem
(that is, with the r.h.s. of (20) assumed observed), evaluated at sample analogues (that is,
at {721 e (|- T]), TV2T post(1-T)), Tre(|-T']), Tpost(|-T'])}).  Proposition 2 above shows in
which sense ¢* may be considered approximately best in the equivalent problem of observing

(G(-),G(")) € Dﬁfﬁ directly. Thus, part (ii) of Proposition 2 implies, for instance, that the
weighted average asymptotic power (defined as in part (ii) of Proposition 3) of any 5% level
test is no larger than 7. We discuss in detail in Section 4 below how to construct the small
sample analogue ©*, and show in Proposition 4 that its asymptotic rejection profile is equal
to the rejection profile of ¢* whenever (20) holds, so its asymptotic weighted average power
is equal to 7*. Thus, @* is the approximately best test among all robust tests in the sense of

Miiller (2007). We omit a formal statement analogous Proposition 3 to conserve space.
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3 Determination of an Approximately Efficient Test with

Uniform Size Control

This section describes the methods and algorithm that underlie the claim of Proposition 1, that
is we discuss the determination of a 5% level test of (2) based on the observation G as in (1)
that approximately maximizes weighted average power with a weighting function as described
in Condition 1.

As outlined in subsection 2.1.2 above, the key challenge is to identify an approximately least
favorable distribution over the two dimensional nuisance parameter of the break date and break
magnitude. The first subsection provides details on the numerical algorithm for obtaining this
distribution, which is a suitably modified version of what is developed in Miiller and Watson
(2008a) for the problem considered here. The second subsection discusses the relationship and
properties of the least favorable distribution from a decision theoretic and Bayesian perspective.
In the third subsection, we introduce a new approach to the numerical study of size control of
tests of a composite null hypothesis, which underlies our claim of uniform size control of the
test p*. Finally, the fourth subsection contains details on the Monte Carlo determination of the
power bound, which is complicated by the impossibility of generating and representing (pseudo)

random Wiener process draws on a discrete computer.

3.1 Approximately Least Favorable Distribution

The guiding principle for the construction of an appropriate approximately least favorable dis-
tribution A* is following property discussed in subsection 2.1.2: for a distribution A to be
approximately least favorable, it must be true that a slight adjustment of the critical value (or,
equivalently, of the level of the best test of Hy against Hp) yields a 5% level test under Hy. A
violation of this property guides how A should be amended, with more mass on those values of
0 where the overrejection occurred. By suitably iterating changes of A with computations of its
rejection profile under Hy, an approximately least favorable A* can be determined numerically.
Miiller and Watson (2008a) directly implement this idea by considering distributions A that
have mass on a finite number of points {6y, -+ ,0,} C Oy. If for a given A, ¢, overrejects at
0" € O, then 07, = ' is added to the list. A new A is determined by assigning the appropriate
probabilities on {61, -+ , 011} to ensure exact size control at {61, -+ ,01.1}, and the algorithm
iterates these steps until an appropriate least favorable distribution is found. The numerical
feasibility of this procedure depends on L not to become too large (say, L < 40 or so).

For the problem studied here, this strategy turns out to not work well: If ¢, overrejects for
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a moderately large value of |§| and a (possibly small) interval of values for p, then the inclusion
of any single point 6’ = (0,8, p') € ©g in A does not remedy the overrejection problem for all
values of p in the interval. The reason is that for moderately large values of |§|, the distribution
of G with p” slightly different from p’ is already too dissimilar for size control at p’ to imply
approximately size control at p”. Roughly speaking, with large breaks, different break dates
lead to almost singular probability distributions for G, so that a very large number of points
would be required to ensure approximate overall size control.

Instead, we note that for A to be approximately least favorable, an equivalent condition
is that (the slightly level adjusted) test ¢, is of 5% level under any Hy :The density of G
is [ fod®(0), for all probability distributions ¥ on ©,. By initially restricting this condi-
tion to a finite set P = {WUy,--- ¥y} with moderately large M, the above algorithm can
be successfully implemented to identify A},, the least favorable mixture of P, such that ¢ A%,
controls size for all Hy, ¥ € P. Collect the distributions ¥; that receive positive mass by
Ay in P* = {V5,--- 05, } C P. Using A}, as the new starting point, consider a further set
P ={"y,--, ¥}, } and again identify A}, a mixture of P* and P, so that ¢, controls size
for all Hy, ¥ € P*UP’. This procedure is then iterated, and by considering sets of probability
distributions that more and more closely approximate point masses in O (although they still
average over short intervals of p), a suitable A* can be determined. In our implementation, we
choose ¥’s with (not necessarily mean zero) Gaussian distributions over § conditional on p, with
smaller and smaller variances in later steps of the iteration.

We relegate details on this algorithm to the appendix, but discuss here two additional issues
that are relevant to the determination of the approximate least favorable distribution A*.

On the one hand, the observation G is a transformation of a Wiener process, so that compu-
tation of the Neyman-Pearson tests and their rejection profile requires the simulation of (pseudo)
random continuous time processes. Discrete time Gaussian random walk approximation based
on, say, 1000 steps are computationally expensive and of uncertain accuracy. For this reason,
we approximate all integrals over p by sums with p € {1/100,2/100,---,1}. The rejection

probability of the (approximate) Neyman-Pearson test thus becomes a function of

{G(3m)ha (21)

100

The 100 random variables (21) can be simulated without any approximation error, as they are
exactly jointly Gaussian. What is more, the fact that ¢* only depends on G through (21)
significantly simplifies the determination of the size of ¢* discussed in the following subsection.

A power bound on tests that are functions of (21) is not, however, in general a valid power

bound on the original problem involving the observation . The correct implementation of the
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power bound via Lemma 1 requires evaluation of the actual density (8) of G, a complication we
address in Section 3.4 below. In the end, the comparison of this power bound with the power
of the feasible test p* reveals whether working with (21) instead of the whole process G might
have led to substantial inaccuracies in the resulting approximately least favorable distribution,
and Proposition 1 shows that these are small.

On the other hand, we chose to construct the feasible test ¢* by combining two different
tests, with a supF-type statistic based on the 100 observations (21) determining to which one it
switches: For large values of supF, that is strong evidence for a break, ¢* is essentially identical
to the usual two-sided t-test on least-squares estimated post break data, ¢ in (6), whereas for
small values of supF, ¢* is equal to the Neyman-Pearson test of Hp- against Hr. The motivation
for this switching rule is threefold: First, it formally justifies the "rule of thumb" that for highly
significant realizations of a structural break test statistic, least-squares based inference is just
fine, with a ’patch’ necessary only for moderate break magnitudes 0. Second, it ensures that
even for very large breaks (|d] — 00), the test has attractive properties—this cannot be ensured
by construction by any weighted average power criterion with integrable weighting function, as
any such weighting concentrates almost all of its mass on a compact set. Third, the switch to
an analytically easily tractable test statistic facilitates the study of the size properties of p* for
the (unbounded) set of large 0 discussed in the next subsection.

The adoption of this switching requires a determination of A* such that the overall test ¢*
is of level 5%, rather than the critical value adjusted Neyman-Pearson test @,. of Hy- against
Hp in isolation. While it is true that for large |d|, the t-test and @,. behave quite similarly
(after all, for |§| large, there is ample information about p, so that both ¢,. and the t-test
are approximately equal to the best infeasible test with p known), we choose a cut-off value
for supF that is just large enough to ensure that the t-test controls size when the probability
of switching is close to one. Thus, for values of |J| where the switch to the t-test only occurs,
say, half the time, the t-test has null rejection probability larger than 5%. Given the switching
rule, A* must therefore induce a compensating underrejection in this region of §. In the above
algorithm, this is achieved by requiring that the rejection probability of ¢,. is substantially
lower than 5% under Hy for ¥’s that concentrate on these regions (which in turn leads to a A*

with substantial mass on these ¥’s).

3.2 Decision Theoretic and Bayesian Interpretation

From a decision theoretic perspective, the least favorable prior has a minimax interpretation in

the problem of distinguishing between H, against Hp. Suppose a false rejection of Hy induces
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Figure 3: Approximate Least Favorable Distribution A*

loss 1, a false acceptance of Hr induces loss Lr > 0, and a correct decision has loss 0. Then

risk is given by
R(0,¢) = 1[0 € O] Ey|p(G)] + Lrl[f € O] /Et[l — @(G)|dF (). (22)

The level « test based on the least favorable prior A** (supposing it exists) minimizes
supyeo R(6, p) among all tests ¢ for Lp = a/(1—-W AP (p,.-)), and achieves supyeg R(0, ) = a.
The o*-level test based on the approzimately least favorable prior A* achieves supgeq R(0, ¢*) =
a* for Lp = o*/(1—7*), and inf, supyeg R(0, ¢) > o*(1—7)/(1 —7*) >~ 0.951a* by Proposition
1, so * is an approximately minimax decision rule. In this reasoning, the usual requirement of
size control becomes an endogenous solution to the desire to find a maximin decision rule under
risk (22).

In assessing the appeal of (inherently pessimistic) minimax rules, it is instructive to consider
the reasonableness of the implied least favorable distribution. Figure 3 plots the approximately
least favorable distribution A* determined by the above algorithm for 6 > 0; by construction,
the distribution is symmetric in the sign of §. Overall, apart from some peculiarities close to
the endpoint for the break date at p = 0.85, A* does not seem particularly bizarre.

From a Bayesian perspective, one might want to decide between Hy and H; by computing

posterior odds. With a prior of F' on ©1, and a prior of A* on 0y, ¢,. rejects for large values
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of the resulting posterior odds, or, equivalently, for large values of the Bayes factor. Apart
from the switching to a t-test discussed above, which in this context may be regarded as an
approximation to the posterior, an analysis based on ¢* thus also has a straightforward Bayesian
interpretation. The prior A* on Hy and the cut-off value ~ 2.41 are endogenously determined
so that Bayes factors above the cut-off value—that is, Bayes factors that occur for at most 5%
of draws under Hy for all values of § € ©y—are as frequent as possible under Hr. In this way,
the rule of rejecting for a large Bayes factor also has attractive frequentist properties.

It might be instructive to contrast this to the properties of the test that rejects for a large
Bayes factor when the prior on the null hypothesis is not endogenized in this fashion. For
instance, in this problem, a natural choice for the prior distribution A on O is a uniform
distribution for p on [0.15,0.85], and ¢ ~ N(0,400) independent of p; this mirrors the prior F’
of Condition 1 on the alternative ©;, except that a% = (. With that prior, one must choose a
cut-off value of ~ 10, rather than 2.41, to ensure that only 5% of the time, one observes Bayes
factors larger than the cut-off for all values of § € ©y. Correspondingly, the probability of
rejection under Hy falls from 7* ~ 49.0% to 36.7% with this choice of A and cut-off value.

3.3 Size Control

With a candidate test ¢* determined as outlined in the last subsection, the question is whether

it actually controls size, i.e. whether

sup Eylp*(G)] < 0.05. (23)
(AN

By construction of ¢*, this is "approximately" true, but we now discuss how to establish (23)
more rigorously, that is part (ii) of Proposition 1.

The problem we face is a standard one: What is the size of a given test under a composite null
hypothesis? For some nonstandard hypothesis testing problems, the form of the test greatly
simplifies this issue. For instance, the conditional likelihood ratio statistic of Moreira and
Andrews, Moreira, and Stock (2006), or the statistic suggested in Jansson and Moreira (2006),
have by construction an (asymptotic) null rejection probability that does not depend on the
nuisance parameter. For other tests or testing problems, however, essentially nothing analytical
is known about the rejection probability. The usual approach then is to resort to a Monte
Carlo grid search: Choose a finite set ©,,4 C Oy, estimate the rejection probability by Monte
Carlo for each 0 € ©,,,4, and conclude that the test controls size if the largest of these rejection
probabilities is smaller or equal to the nominal level. Examples for this approach include Stock
and Watson (1996), Bunzel and Vogelsang (2005), Sriananthakumar and King (2006), Andrews,
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Moreira, and Stock (2007), Andrews and Guggenberger (2007a, 2007b, 2007c), Guggenberger
(2008), and Miiller and Watson (2008a), among others.” For the specific problem here, this

approach would amount to computing the Monte Carlo estimate of the null rejection probability
N

pO) = N7'> ¢*(Gi) with Gi(s) = Wi(s) + dmin(p, 5) (24)
i=1

for all & = (0,0,p) € Oypig, where W; are N (pseudo) random draws of a standard Wiener
process® (which may or may not be the same across different ), and to conclude that ¢* is of
level 5% if supycq, ., P(0) < 0.05.

Clearly, though, this approach is not fully satisfying. Without some knowledge about the
smoothness of p(f), even a fine grid search of this form does not provide any upper bound
on supycg, P(¢), simply because the rejection probability p(f) could be very different between
the grid points. What is more, ©q is typically unbounded, so that it is impossible from the
start to finely cover ©y. We now describe an approach that, while still based on Monte Carlo
estimation,” can handle both these difficulties by bounding the function H() on the whole set
Oo.

The key idea is the following change of perspective: Rather than to only regard the average
p(f) in (24) as a function of 6, consider instead ¢*(G;) as a function of § = (0,6, p) € Oy,
conditional on W;. The actual data G; is a function of the (pseudo) randomness W; and the
nuisance parameter 6, so that for each realization of W, the test statistic ¢*(G;) may be regarded
as a function of 0, p*(G;) = 5;(0) with S; : ©g — {0, 1} (as long as ¢* is non-randomized). The
function S;(0) is, of course, known, and one can analytically study its properties. So suppose
initially that it was possible to exactly determine and store the "critical regions" C; = {0 :
Si(0) =1},i=1,--- , N, that is the range of values for # for which the test ©*(G;) rejects.® For
instance, if the nuisance parameter space was one dimensional, C; would typically be a finite
union of intervals, and it would suffice to determine their endpoints (possibly including +o0).

Clearly, the overall Monte Carlo estimate of the null rejection probability function p : ©g — [0, 1]

®Dufour (2006) suggests searching for the maximum Monte Carlo rejection probability directly using simulated

annealing techniques, which may also fail to yield the global maximum.
6 As noted above, suffices to generate {W(1/100)}}%9, which is actually feasible.
TAt least in principle, one could rerun this Monte Carlo size algorithm with new random draws before each

application of ¢*, so that the Monte Carlo error becomes part of the randomized nature of the actual test. It
should be possible to appropriately combine the arguments in Dufour (2006) with what is suggested here to

thereby obtain an overall randomized test of ezxact level 5%.
8This terminology is meant to be suggestive only; the actual critical region, of course, is the subset of the

sample space Djg 17 for which * rejects.
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is simply the average of these critical regions

and size control amounts to supycg, p(¢) < 0.05.

Now for our problem, the nuisance parameter space is two dimensional, and the form of ¢*
does not make it feasible to exactly describe the sets C; analytically. So consider instead a finite
partition Q@ = {Q1,Qs, - ,Qk} of Oy, such as the rectangles of a grid, and suppose study of
S; allows one to conclude that the sets {Q; : j € J;} C Q with J; C {1,2,---, K} cover Cj, i.e.
¢, cy e, Q;. It then suffices to keep track of the index sets .J;, i = 1,--- , N to establish the
bound

N N
sup p(f) < p = sup N ! Z 1[0 € U Q,] = max N~ * Z 1[5 € Jj (25)
i=1 ! i=1

[ASISH) 0€O¢ jed;

and one can conclude that ¢* is a 5% level test if 1_3 < 0.05. Note that this bound remains valid
(although it becomes more conservative) when the sets J; are larger than necessary, that is if
J € J; despite C; N Q; = @.

This approach benefits from a finer partition Q of © with K large in two ways. On the one
hand, a fine Q allows for a relatively accurate description of the actual critical region C;, thus
making the bound (25) less conservative. On the other hand, it will typically become easier
to decide whether or not C; N Q; = &, for each j = 1,--- | K. But the computational cost of
making K large is also substantial, as the brute force implementation requires a total of NK
such evaluations. For our problem, it turns out that such a brute force implementation is not
practical on today’s PCs, as K needs to chosen of the order of magnitude of 107 for the bound
(25) to become sufficiently sharp.

Thus, instead of trying to decide individually whether C; N Q; = @ for each @); € Q and
i =1,---, N, we implement the following divide and conquer algorithm: For each ¢, initially try
to decide for the whole set Oy whether or not C; N6y = @. If such a determination can be made,
set J; =@ or J; ={1,2,--- , K}, respectively. Otherwise, divide O into a coarse partition of 4
subsets Oy = {Qf, @5, Q%, Q5}, where each Q5 =1,---,4 can be covered exactly by a subset
of Q. Try to decide for each () whether or not C; N Q5 = @. If for any ()} such a determination
can be made, include (or not) the appropriate indices in J;, and do not consider the subspace
Q5 further. Otherwise, partition @ again into 4 subsets that can be covered exactly by a subset
of Q, and iterate until either the determination could be made, or the partition is as fine as Q.
The right hand panel of Figure 3 illustrates this approach. The advantage of this algorithm is

that it "zooms in" only when necessary. In our implementation, it cuts the number of required
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evaluations from 107 to around 10* to 10°, depending on the draw of W.

We again relegate the details of the algorithm and the arguments employed for deciding
whether or not C;NQ; = & to the appendix, where we also discuss the treatment of unbounded
subsets @); € Q.

The bound p in (25), of course, is still subject to Monte Carlo error, and one might wonder
about the effect of the supremum over ©y. Let P* be the distribution of the N Monte Carlo
draws of W;,i=1,--- , N.

Lemma 2 For any x € R, P*(supyee, P(0) > x) > supgee, P*(P(0) > ).

Proof. Write E* for the expectation with respect to P*. Then, applying Jensen’s in-
equality, P*(suppee,p(0) > ) = E*[1[supsee, p(0) > z]] = E*[supgeq, 1[p(0) > z]] =
suppce, E*[1[p(0) > 2]] = supyee, P*(p(0) > x). =

Lemma 2 shows that the P* distribution of supgcg, P() (weakly) stochastically dominates
that of p(6) for any fixed # € ©y. Thus, the P* probability of observing p < 0.05 is at most as
large as the probability of observing p(6) < 0.05, even if § € ©q is chosen to maximize actual
null rejection probability Ey[p*(G)]. Both supyeq, H(0) and p are, in general, upward biased
estimates of the size of the test ¢*. A finding of p < 0.05 is thus stronger evidence that ¢* is of
level 5% compared to any other 5% nominal level test of a single null hypothesis whose critical

value was determined by N Monte Carlo draws.

3.4 Power Bound

We now turn to numerical issues that arise in the computation of the power bound via Lemma
1. Without the approximation of integrals by sums as in (21), the Neyman-Pearson test rejects

for large values of a statistic of the form
[ fodE(6) fo 15 do exp [Ao(r)G(r)? + Bo(r)G(r)G(1) + Co(r)G(1)?] dr
[ fodA*(0) SoFL L2 di(r) exp [Ai(r)G(r)2 + Bi(r)G(r)] dr

where d;, A;, B; and C; are functions [0.15,0.85] — R, and a;,b; € [0.15,0.85], i = 1,--- , L,
and L, a;, b;, d;, A;, B;, i = 1,--- | L are numerically determined by the algorithm described

LR =

(26)

in Section 3.1 above. The right hand side in (26) arises from analytically integrating over the
conditionally Gaussian distribution of (3,9) in F' of Condition 1 in the numerator, and over a
mixture of conditionally Gaussian distributions for § in the denominator (conditional on p). As
mentioned above, proper application of Lemma 1 requires the determination of the power of a
5% level test of Hy« :The density of G is [ fydA*() against the alternative Hp :The density of
G is [ fodF(0), based on (26).
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The usual approach would be to run a Monte Carlo experiment to estimate the critical value
and power, using step function approximations to G and Riemann sums instead of integrals
n (26). With enough steps (and Monte Carlo draws), this approach delivers any degree of
accuracy. However, the test statistic (26) is poorly behaved for this approach: For large breaks
(large |d]), the exponents in (26) take on large values for some 7 (of the order of magnitude of
% p(52), which renders the integrand extremely peaked. Intuitively, for large |0], there is ample
information about p, reflected in a very peaked likelihood. This leads to potentially very poor
properties of Riemann sum approximations, casting doubt on the validity of a power bound
computed in this way.

For this reason, we develop a lower and upper bound for LR that can be simulated exactly,
and use Monte Carlo draws of the lower bound for the computation of the critical value, and
Monte Carlo draws from the upper bound for the power computation. This ensures that the
resulting upper bound on the power of the test statistic LR is only subject to the usual Monte
Carlo error.

The basic element of the bounds is the following inequality: Let ¢ : [a,b] — R for some
a > b with sup,.,<; [9(r)] < My, and let g = ﬁf;g(r)dr. Then Jensen’s inequality and
e” < xcosh[M,] for all |z| < M, implies

b

explg] < exp lg(r)]dr < explg| cosh[M,]. (27)

N
Write any of the integrals in (26) as a sum of integrals over a fine partition of [0.15;0.85] into J
intervals [c;_1,¢], j = 1,---,J with ¢;_; < ¢; for all j and ¢y = 0.15 and ¢; = 0.85. In terms
of W(s) = G(s) — Bs — d min(p, s), the representative short integral over r € [¢;_1,¢;] in the

denominator has the form

/ " d(r) exp [AMW () + BEW(r)] dr

-1

where now d(r), A(r) and B(r) are also functions of § = (53,0, p). Using (27), we have

dexp [AWJZ —|—§WJ} < cjf}:j,l fccil d(r)exp [A(r)W (r)? + B(r)W (r)] dr (28)
< cZexp[[le2 + BW,] cosh[M;]

Wherer2 = cj—c] - f )dr, W; = c]—c] - f r)dr, Sij =sup,,_ <,<c, [W(r) — W,
Saj = SUP,, | <<, ]W( ) VV]Q], M; = ASs; + BSLJ, and lower and upper bars on d, A and B
indicate maximum and minimum values of d(r), A(r) and B(r) on ¢;_1 < r < ¢;, respectively,
provided W (r) > 0 for ¢;_y < r < ¢;. Similar inequalities hold when W (r) < 0, when W (r)

changes sign on ¢;_; < r < ¢;, and also for the numerator of (26). A lower bound on LR is then
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given by replacing integrals in the denominator of (26) with sums over the upper bound in (28)
and to replace the integrals in the numerator with sums over corresponding lower bounds, and
vice versa for an upper bound.

A Monte Carlo draw from these bounds for LR requires generation of the 4.J random variables
{W2,W;,S1;,S;}]_1. Although {WW;}7_, is jointly Gaussian, this is non-trivial, as even the
marginal distributions of Wf, Si1,; and S ; are nonstandard. Fortunately, as detailed in the
appendix, it is possible to rely on existing analytical results on the distribution of related
statistic of a Wiener process to generate draws {Wfl,ﬁfu, Wi, St Sy j}}]=1 where with very
high probability, WJZZ < WJQ < szu, Si,; < Sﬁj and S; < S;‘,j forall j = 1,---,J. By
amending the above bounds accordingly, this is sufficient for the computation of a Monte Carlo
estimate of an upper bound on the power of LR, entirely avoiding any qualifications that arise

through the impossibility of generating exact draws of LR under [ fpdA*(0) and [ fodF(9).

4 'Test Statistic and Properties

This section defines the test we suggest for applied work, ®*, and discusses its properties. In
particular, we compare its asymptotic power to the infeasible two-sided t-test with the known
break date ¢,, and the (approximately) size corrected version of the least-squares break date

estimator based test ¢ ¢ introduced in Section 2.1.2.

4.1 Definition of Test Statistic

We define the statistic for a general method of moments framework with the k£ + 1 dimensional
parameter ' = (v,7)’, with v € R and 4 € R*. The data in a sample of size T is given
by X7 = (21, -+ ,27),> and the population moment condition is F[g(X;, )] = 0 when the
true parameter at date t is given by I' = Iy for some known, R™ valued function g(-,-). Write
a(I') = g(X;,T') for notational simplicity. The parameter I' changes its value from I').. =
(Vpres Vpre)' £0 Lpost = (Vpost» Tpost)' at some unknown date 7 € N in the middle 70% of the
sample, 7 € [0.157,0.85T. The hypotheses of interest concern the post break value of the first

element 7 of T,
Hy : Ypost = Vpost,0 against Hy : Vpost 7é Ypost,0- (29)
Denote by [y (t) and Tpoe(t) standard GMM estimators of I' using data {X,}!_, and {X,}7_, .,

and denote by Qpre(t) and onst (t) the estimators of the covariance matrix of f‘pre(t) and f‘post(t),

9We allow for double arrays in the data generating process, but omit an explicit dependence on T to ease

notation.
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respectively. These covariance matrix estimators, as well as the weighting matrix for efficient
GMM estimation in the overidentified case, are based on data {X,}!_; and {X,}I_, , for the
pre and post break estimators, and are consistent for a stable model. When {g;(I')} is serially
uncorrelated, this is typically achieved by the usual White form of the covariance matrix esti-
mator, whereas time series correlation in {g:(I'g)} requires a correction as in Newey and West
(1987) or Andrews (1991), for instance.

Our test statistic of (29) only requires evaluation of {Tpre(t), Tpost(t), Qpre (t), Qpost (1)} at the
71 numbers ¢t = [I7//100] for [ = 15,16, --,85. Let 4,,.(l) and ¥,,(l) be the first element
of e ([17/100]) and Tpose([I7/100]), and denote by @2 (1) and &2, (1) the 1-1 element of
Qpre([17/100]) and Qo (|1T/100]), respectively. Define

~ N 2
(’Yposta) - ’Ypre(l T 1))
ma = ~
16<1<85 wpost(l) + wpre(l - 1)
Apre(l) = l’?me(l) - (l - 1)’3/;07"6([ - 1) APOSt(l) = (101 - l)&post(l - ) - (100 - l)’?post(l)
= arg min (Z Bl = 0= iyl =1+ 3 Byl — (10— lmostuf)

j=16 j=l+1

SupF =

Y e (min(l +1,85)) — 7,
tpost _ ’Yp t( ( )) /}/p t,0 (30)

/@2 (min(i + 1,85))
@2 _ (l_l) (l—l) MAQ (Z)

>

w

17

9900 ’”e 9900 pos
L oﬁre(amu)fvpost,o) 12 L1 o2 (Fpost (1) =T post,0)(100—1)2
g5 Pl 1002620 (1,02,) 2 1002670(100—1,0%)
iR - =15 71/v(l,03,.)v(100—1,0%)
. [_l w3 il l0'5,](7])7*6(1>7"/post,0)2l2] h[mpre(l)—wpww)ujz]
Pj &Pl 100v(l¢a§4j) 2 100%%(1,0?].) 100u(l,g§j)w

Z Zl aj (bj—aj+1)y/v(l,0% )

where v(l,0%) = 140°1/100, 0},, = 378, 0} = 22, and a;, b;, p;, p; and 03 ; are defined in Table
2. The test ¢* of (29) rejects Hy if and only if either (i) supF > 90 and |fpos| > 2.01, or (ii)
SGp\F < 90 and LR > 2.41.10

The intuition for these computations is roughly as follows. The statistic @ is the largest
F-statistic of the null hypothesis that the value of v in the first (I — 1)% is equal to the value
of v in the last (100 — )%, maximized over 16 < | < 85. By leaving out the middle 1%
of observations, it is ensured that for any true break fraction within the middle 70% of the
sample, one of these F-statistics (often, the largest) only involves estimators (§,,.(1),&2..(1))
and ('Aypost(l),c&f,ost(l)) from stable periods. When SE-p\F > 90, that is, when there is strong

1%0ne obtains the test ¢* of Proposition 1 and defined in the appendix by setting 4,,,..(I) = 100G(1/100)/1,
Gponr(1) = (G(1) = G(1/100)) /(1 — 1/100), &2, (1) = 100/1 and &2,,(1) = 100/(100 — .
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Table 2: Weights, Intervals, Means and Variances of the Approximate Least Favorable Distrib-

ution

j 1 2 3 4 5 6 7 8 9
p; 0588 0.123 0.067 0.057 0.038 0.032 0.026 0.2 0.009
a; 015 085 08 02 075 02 02 075 045
b; 085 085 085 074 085 074 074 082 0.59
o2 100 10 4 300 200 10 3 10 10
w20 5 3 16 28 9 6 711
j 10 11 12 13 14 15 16 17 18
p; 0.009 0.008 0.006 0.005 0.004 0.004 0.002 0.001 0.001
a; 07 015 015 06 08 06 083 085 0.75
by 074 019 024 069 082 069 084 085 0.82
o2 10 10 200 10 10 3 10 3 3
1 9 5 28 12 11 8 13 155 13

evidence for the occurrence of a break, the test ¢* rejects if the usual t-statistic £,y is larger
than 2.01 (rather than the usual 1.96) in absolute value, where fpost uses [ to determine the
appropriate post-break data.

In (approximately) linear and stationary models, 4,,.(l) is centred around the average pa-
rameter value of the first 1% of the sample, |/7'/100]~1 S 17/100) Ypre + (Vpost — Ypre) 1t > 7)),
and similarly, 4,4 (/) is centred about the average parameter value of the last (100 — )% of
the sample. The statistics Apre(l) and Apost(l) thus approximately estimate the value of the
parameter in the [th percent of the sample. If the true break 7 is in the [gth percent of the
sample, then Apre(l) should be approximately equal to ¥,,.(lo) for all I < Iy, and similarly
for Apost(l). The break fraction estimator [ is determined by minimizing a corresponding least
squares criterion, again dropping the middle one percent. By adding one to i} , it is ensured that
with high probability, [ 41 is at least as large as the true break fraction in percentage points,
so that fpost is based on estimates from a stable post-break period. The advantage of the least
squares criterion (30) based on (Ap.(1), Ayos(1)) over, say, an analogue to the F-statistics that
underlie SE-IE‘ , is that [ in (30) has appealing properties under relatively weak conditions also
when the break magnitude is not small—cf. Proposition 4 below.

In absence of strong evidence for a break, that is sﬁp\F < 90, the test ¢* switches to deciding
the null hypothesis based on a likelihood ratio statistic. The numerator of this statistic is

the result of the weighting over alternative values for v,,, break dates and break magnitudes
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of Condition 1. The denominator is the result of a weighting over break dates and break
magnitudes that make detection of this alternative as difficult as possible, the numerically
determined approximate least favorable distribution discussed in Section 3, ensuring size control
of @* even when information about the true break date is scarce. In this likelihood ratio
statistic, the scale of 4,,.(l) and 7, (l) is normalized by @. If the break data 7 satisfies
(I —1)/100 < 7/T < 1/100, then the estimator &? is based on variance estimators of stable

models, which improves the small sample properties of LR.

4.2 Asymptotic Properties

Proposition 4 (i) Suppose TV (V,e — Vpost) = wd € R, 7 = [pT] with p € [0.15,0.85] and

{T1/2 (&pre(l) - ﬂ)/post)’ T1/2 (&post(l) - ﬂ)/post)’ T(’:}]Q)'re (Z)’ T(’Df)ost(l) l8£15

Go(1/100) Go(1)—Go(1/100) w2 w? 85 (31)
= {w 17100 17100 /100" 171/100}1:15

where Go(s) = W(s) + dmin(p,s), and w > 0. (i.a) If T"*(7Vp0s — Yposro) = w3 € R, then
P (Xr) = ¢*(G). (i.) If T*(Ypost — Vposto) — 00, then §*(Yr) & 1.

(ii) Suppose TY?(Ype — Vpost) — +00, T = [pT'] with p € [0.15,0.85], and, for some
Wpre; Wpost > 0,

2

~ ~ 100, Go(1/100 re \ 100
{T1/2 (’Ypre(l) - ’Ypre)’ Tw?are@) lL:15pJ = {wpre 0l(/l/OO )’ lU;Il)OO lL:15pJ

(T2 Gt (1) = Vyost)s Tt (D 1001 = {wrpont LEREA0 hmmryss o
P(T"2(3,,e(1100p] 4+ 1) = Yppe) > M) — 1, P(TV?(5,55,([100p] = 1) = 7,05) > M) — 1
(32)

for any M € R, where [z] = —|—z]. (ii.a) If Ypost = Vpost.o, then limsupr_, El¢"(X7)] <
5%.  (13.0) If T*(Ypost — Yposto) = WpostB € R and p ¢ Rgig = {0.15,0.16,--- ,0.84}, then
limy o $*(X7) = 1[|Z 4 B1/0.98 — [100p]/100| > 2.01]. (idi.c) If TV2(y,, — Ypouto) — £00,
then *(Xr) 2 1.

(1) Suppose Ypost = Vpost.o; (31) holds for all sequences (pr,dr) = (7/T, T1/2(7pre—'ypost)) —
(p,0) € [0.15,0.85] x R; (82) holds for all sequences (py,dr) — (p,0) € ([0.15,0.85]\ Ryria) X

{—00,+00}; and for all for all sequences (pp, 1) — (p,0) € Ryrig X {—00, +00}, there ezists a

subsequence (ppr, d071) — (p,d) such that along this subsequence, (32) holds except for

w2re
(T2 e (l0) = V) Tprelo)) = (wpne AT + virello), 75) )
(T2 (A post (1) = Vpre)s Tprel0)) = (wpost “HTNGEE + Vpost(lo), T25155)

where ly = 100p and Vyre(lo), Vpost(lo) € RU{—00, +00} are nonrandom constants, of which at

most one is nonzero. Then limsup;_, ., supgcg, Eo[@"(X7)] < a* ~ 5%.
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Part (i) of Proposition 4 considers the case where the pre and post break value of v only
differ of the order 77%/2. In that neighborhood, the GMM estimators do not contain enough
information to pin down the true break fraction exactly, even asymptotically. This asymptotic
embedding represents the small sample problem with substantial uncertainty about the true
break date. The proposition establishes that for local alternatives, where correspondingly, the
true value v, differs by the order T~'/2 from the hypothesized value Vpost,0» the asymptotic
properties of p* are just like those of ¢* in the limiting problem discussed in Section 2.1. So
in particular, by Proposition 1, the test »* has asymptotic level o* ~ 5%, and it has asymp-
totic weighted average power under Condition 1 of 7* ~ 49%. Furthermore, ®* is consistent
in this scenario against any alternative where 7, is outside the T' ~1/2 neighborhood of the
hypothesized value.

These results rely on the high level condition (31). The sequence of statistics
{Apre (D) Apost (1) :0pre (1) @post (1) } are a special case of partial sample GMM estimators analyzed
by Andrews (1993). In particular, his primitive Assumption 1 with an appropriate modification
to account for the local break in the parameter value imply (31)—see the appendix for details.
Alternatively, the approach of Li and Miiller (2007) could be amended to yield (31) under a
different set of assumptions. Also, for the special case of maximum likelihood estimation, Con-
dition 2 in the appendix can be shown to imply (31) for both the average Hessian and outer
product of scores covariance estimators Qpre and onst. The conclusions of part (i) thus hold for
a wide range of models.'!

Part (ii) of Proposition 4 establishes the asymptotic properties of ¢* when the break is (very)
large relative to the sample information about . The test again controls size and is consistent
against any non-local alternative. Under local alternatives T2(Y 0 — Yposto) = B # 0, it
asymptotically corresponds to a two-sided t-test about unit variance normal with non-centrality
parameter of 1/0.98 — [100p|/100 and critical value 2.01, at least as long p # Ry.q.'> In
comparison, the two-sided 5% level t-test based on post break data (assuming the break date was
known) converges to ¢,(G) = 1[\%\ > 1.96], and thus has a non-centrality parameter of
BT = p. With 8 ~ N(0,22) as in Condition 1, the average asymptotic power loss of $* relative

1 As pointed out by Hansen (2000), most tests for parameter stability do not controls asymptotic size under
‘global” heterogeneity of average variance across different parts of the sample. This also applies to ¢, at least for
local breaks. However, by picking the 71 grid points in the definition of $* not relative to the sample proportion,
but relative to a suitably chosen cumulative information (that typically would be need to be estimated with

sufficient precision), one could induce the convergence (31) even for models with ’global’ variance heterogeneity.
12This qualification is necessary because if p € Ryrid, ] potentially takes on the two values [100p| + 1 and

|100p] + 2 with positive probability, even asymptotically, despite the diverging break magnitude T/ (
’Ypost)'

'Ypre
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to ¢, over p € [0.15,0.85] is approximately 1.7 percentage points, with a largest difference of
3.6 percentage points occurring at p — 0.83.

The results in part (ii) of Proposition 4 require two sets of assumptions. On the one hand,
the statistics {5,,0(0), ©2,.(1)} and {F,05(1), @255 (1)} have to behave in the usual way over the
stable pre and post break periods, respectively, and be asymptotically independent. Note that
the limiting variance may change at the parameter break date; this accommodates, say, changes
in the variance of the AR(1) coefficient estimator that are induced by a break in the AR(1)
coefficient. One can again invoke the primitive conditions of Andrews (1993) to justify these
convergences. On the other hand, the estimators 4,,,.(I) and 4,,,, (1) must diverge from the 7"-*/2
neighborhood of the pre and post parameter values v,,, and 7, for two values of [ that involve
a positive fraction of post and pre break data, respectively.!® For a non-local but shrinking
break magnitude |7,,e — Vpost| — 0 and TV2(7,,. — Ypost) — £00, 4,e(1) typically estimates the

average parameter value in the first (% of the sample, that is

~ l - o
fypre( ) ’Yp're L 1[[ > LlOOle LIOOpJ

£0, 34
f)/post - f)/pre l ( )

and similarly for 4, (l), which is clearly sufficient for the purposes of Proposition 4 (ii). The
convergence (34) can be shown to hold, for instance, under the high-level Condition 1 of Li and
Miiller (2007) by proceeding as in their Theorem 1. For a fixed break magnitude v,,s; — Vpre;
the distortionary effects of the break becomes even stronger, of course, and barring pathological
cancellations, one would expect the condition in Proposition (ii) to be satisfied. We refrain from
a detailed discussion of sufficient primitive conditions for the sake of brevity.

Finally, part (iii) of Proposition 4 shows that the test ¢* controls size uniformly in large
samples—for T" large enough, no choice of # € ©, leads to a rejection probability substantially
above 5%. For local breaks v, —7,,s = O(T ~1/2) | the assumption is only that the convergences
in part (i) hold for all converging sequences (pp, d7) — (p,0). We show in the appendix that the
primitive assumptions of Andrews (1993) are again sufficient. For non-local breaks, care must
be taken for the case pr — p € Rypia- If pr — p € Rypia with pp < p, then 4,,,.(100p) is an
estimator from an unstable model, with a shrinking fraction of the data stemming from the post
break model. Depending on the rate at which 7 — oo, this contamination shifts the center of
the asymptotic distribution of 4,,.(100p) by v,.(100p)—typically, given the arguments above
(34), one would expect v,,.(100p) € R if d7(pp — p) — € € R, and it is sufficient for the last

assumption in Proposition 4 (iii) to assume that when (pp, dr) — (p,9) € Rgpria X {—00 + 00},

13Note, however, that nothing is assumed about the behavior of the variance estimators {@pre(l), @post (1)}

that involve subsets of unstable periods.
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(32) holds except for (33) for all sequences dr(pp — p) — £ € RU {—o00, +oo}.1

By Proposition 4 part (i), the asymptotic local power of ¢* equals the power of p*. As
discussed in Section 2.2, at least in linear regressions with a single coefficient, size corrected
5% level inference based on the least squares break date estimator (where the critical value of
the t-statistic is 4.9 instead of 1.96) has asymptotic power equal to the power of ¢;¢(G) =
1|G(1) = G(p)|/V1I=p > 4.9], where p = argmax, (o 150.85(G(r) — rG(1))*/(r(1 — 7)), under
suitable conditions. Finally, under the conditions of Proposition 4 part (i), the infeasible test
using actual post break data only yields asymptotic local power equal to the power of ¢ p(G) =
1[|G(1) = G(p)|/v/1 — p > 1.96], and the feasible test that uses only the last 15% of the data
has asymptotic local power equal to ¢, ¢ (G) = 1[|G(1) — G(0.85)|/+/0.15 > 1.96]. Figure 4
compares the power of these tests for selected values of p and . All tests are invariant under
the transformation G — —G@, so there is not need to plot the the power for negative . As one
might expect given the large critical value of 4.9, ¢;¢ has very low power. In contrast, ¢* is
almost always more powerful than ¢ ¢, often substantially so, and comes close to the power of
the infeasible benchmark ¢, for large [d].

We also investigated asymptotic size control of ¢* in models with a local break where the
transition to the post break parameter value is smooth rather than a sudden shift at p. In
particular, we considered parameter paths of the form T"2(v, — 7,0.0) = 0(Po.05(t/T — p) — 1),
where ®q g5 is the cdf of a mean zero normal with standard deviation 0.05. For large ||, the
test is very substantially oversized, but for 0] < 15, the asymptotic rejection probability of
" is always below 7%, at least for p € {0.25,0.5,0.75}. For most moderately sized breaks
encountered in practice, these results suggest that ¢* continuous to yield approximately valid
inference about the post break parameter value even if the transition to the post break value

takes place over a nonnegligible fraction of the sample.

4.3 Small Sample Properties

We now turn to the small sample properties of the test " suggested here, and compare it to
the infeasible test ¢, that corresponds to standard inference using actual post break data only.

We consider two Monte Carlo designs: Inference about the post break mean of an otherwise

Mnspection of the proof of Proposition 4 shows that these assumptions are only needed to ensure that
{Apre(D) é"zl, Apost(l[) + 1)) are asymptotically independent of {’ypost(l), @iost(l)}é"zﬁﬂ, as this independence is
enough to establish that the mixture of the two fpost statistics with [ = [p + 1 and [ = [y + 2 controls size. The
condition could dispensed with entirely by increasing the critical value of fpost to 2.07, since P(|Z;| < 2.07 and
|Z2] < 2.07) > 0.95 for all bivariate normal Z;, Zs with Z; ~ Z3 ~ N(0,1) and correlation of at least 1/15/16,

so that no mixture of the two ¢,,s-statistics can induce overrejections.
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Figure 4: Asymptotic power of approximately optimal test ¢* and of the least-squared date
estimator based test ¢ compared to the infeasible test ¢, with break date known, and the

test using only the last 15% of the observations ¢ g5
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stationary scalar time series, and inference about the post break value of the moving average
parameter of a scalar time series.
For inference about the mean, we consider a series of 7' = 180 observations (think of 45

years of quarterly data) {y;}._,, where
ye = B+ 6T V21t < pT| 4wy

and the zero mean disturbance wu; is either i.i.d. standard normal, or follows a stationary
Gaussian AR(1) with coefficient 0.4, or follows a (positively autocorrelated) stationary MA(1)
with coefficient 0.4. In all cases, we estimate the variance of the sample means by the quadratic
spectral long run variance estimator with automatic bandwidth selection based on an AR(1)
model, as suggested in Andrews (1991). Table 3 shows size and power of @* in this scenario,
along with the properties of @, (the usual t-test using only actual post break data), and of (g g
(the usual t-test using only the last 15% of the data). With autocorrelated disturbances u,
there are some size distortions for @*, although they are smaller than those of the infeasible
benchmark statistic ¢,. In comparison, unreported simulations show that (non-size corrected)
inference based on the least squares break date estimator is subject to large size distortions; in
the MA(1) case, for instance, the null rejection probability ranges from 8.1% to 22.5% for the
values of p and § considered in Table 3. The (not size corrected) power results of Table 3 at
least qualitatively correspond closely to the asymptotic results in Figure 4.

In the MA(1) design, we generate data from the model
Ye = b+ €+ 1[t < pT]wpregt—l + l[t > pT]wpostgt—l

with g; ~i.i.d.N(0,02) and T' = 480 (think of 40 years of monthly data). We test the hypothesis
Hy : ¢, = 0, which amounts to testing whether y; is currently forecastable. Table 4 shows the
null and alternative rejection probabilities for this model, where the parameters are estimated
by (unconditional) maximum likelihood. Size distortions are mostly larger for ¢* than for ¢,
but remain modest for most considered parameter values. We experimented with smaller sample
sizes and found worse size control, sometimes substantially so. Good properties of »* rely on
reasonable accuracy of the usual large sample approximations over all partial sample estimators.
But with small sample sizes T', the estimators over the first and last 15% are based on very few
observations, which leads to well documented problems with the MA(1) maximum likelihood

estimator.
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Table 3: Small Sample Size and Power of Suggested Test in Location Model

Size (8 =0) Power (6 = 4)
p ¢, 0= Pp P, 0= @y
1 4 8 16 1 4 8 16

ii.d. disturbances
025 49 51 48 42 53 416 532 782 89.8 93.2
0.50 48 5.1 52 48 5.7 41.3 50.7 68.0 74.6 80.7
0.75 4.7 45 56 59 6.0 41.6 420 44.6 44.2 52.7
AR(1) disturbances
0.25 89 90 81 74 82 522 638 832 926 94.6
050 91 87 84 79 90 515 605 744 80.1 85.0
0.7 90 79 86 103 11.6 51.1 49.6 52.5 553 63.1
MA(1) disturbances
025 70 73 64 58 69 480 59.5 809 91.2 93.6
050 71 72 70 63 73 475 56.3 714 T7.8 825
0.7 6.8 70 7.7 83 89 475 46.6 487 50.0 58.1

Table 4: Small Sample Size and Power of Suggested Test in MA(1) Model

Size (V05 = 0) Power (¢, = 0.2)
p ¢*7 /(7pr6 = @p ¢*7 /l/)pTe = @p
0.1 03 05 0.7 -0.1 01 03 05

025 5.7 56 50 52 52 603 8.5 969 969 975
050 6.0 71 84 83 59 613 8.4 8.6 89.1 89.7
0.75 5.7 89 120 133 7.0 53.6 51.0 56.7 66.6 64.4
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5 Conclusion

Models with discrete breaks in the parameters at an unknown or uncertain date have become
popular in empirical work in recent years. This paper shows that inference about pre and post
break parameters using the estimated break date as the true break date leads to substantially
oversized tests and confidence intervals as long as the break magnitude is not very large relative
to the sampling uncertainty about the parameters. For the important special case of a single
break at an unknown date and a single parameter of interest, we derive an alternative test
with uniform asymptotic size control that demonstrably comes close to maximizing a weighted
average power criterion.

While the test is entirely straightforward to apply and not particularly computationally
burdensome, the test statistic is certainly not particularly elegant. The reason is that our
derivation of the approximately power maximizing test does not rely on a particular ’trick’ to
deal with the nuisance parameter under the null hypothesis, unlike, say, Jansson and Moreira
(2006) or Andrews, Moreira, and Stock (2006), for the simple reason that no such trick seems to
be applicable. The strength of our approach to identifying a suitable test is precisely its generic
nature. The suggested algorithm is computationally intensive and heavily involves numerical
approximations, but given our algorithm to check size control, its output is as valid a test as
any whose critical value is determined by Monte Carlo simulation.

In many ways, the problem of pre and post break parameter inference has a number of
features—such as the very peaked likelihood for large breaks, the two dimensions in the nui-
sance parameter space and the dependence on an infinite dimensional disturbance—that ar-
guably make the engineering challenges particularly severe. We would therefore expect that
many aspects of the approach here could be successfully applied in other testing problems with
nuisance parameters under the null hypothesis that cannot be estimated consistently. For in-
stance, in the context of inference in models with parameters undergoing a single break, one
might consider inference about the magnitude of the change (leading to the break date as the
single nuisance parameter after invoking invariance to eliminate the average value of the pa-
rameter), or optimal inference about the break date (leaving the break magnitude as the only
relevant nuisance parameter after invoking the same invariance), or the same question consid-
ered in the present paper, but in the low frequency framework recently advanced by Miiller and
Watson (2008b). The one clearly binding constraint in the applicability of the approach is the
dimension of the nuisance parameter space, as it is unclear how one could numerically check

whether a given test controls size for all values of a high dimensional nuisance parameter.
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6 Appendix

Definition of p*:
©*(G) = 1[supFy > 90]1]|to| > 2.00] + 1[supF, < 90]1[LRg > 2.56], where

100 ((100 — )G ( 0) (l_l)(G(l)_G(lLOO)))Q

F, = —
SUPYo 1651285 99 (100 — (I — 1)
So(l) 100(100G (155) — IG(1))? + 1002 (1G(5gg) — (1= DG(5))?
1(100 — 1) 1(1—1)
b= e g o)
: G(1) — G(mm(i0 +1,85)/100)
O =
\/1 = min( + 1,85)/100
_ _ 02..G(1/100)? 02 (G(1)—G(1/100))?
IR ?215 U(Z, Ugre) 1/21)(100 - l, U%) 1/2 exp[g pv(l 02 ) + % 2 v(lOO—Z,U%) ]
0 =

1 02 G(1/100)2

18 b D 9 p2 il w:G(1/100)
Zj:l lezaj bjTJjHU(l? 057 ) 1/2 exp[ 2 100U(ljo‘2 b + 2 U(lvl’%,j) }COSh[Ji]

v(l,03 ;)

and v(l,0%) = 1+ ¢21/100, O'Zre = 378, a% =22, and pj, 0(25’]4, p; are defined in Table 2.

Proof of Proposition 2:
By Girsanov’s Theorem, the log of the Radon-Nikodym (RN) derivative of the distribution of (G, G’)’
with respect to the distribution of (W, (A2; W 4 AgaWy)')' is the r.h.s. of (18).

(i) Fix arbitrary values p, € [0.15,0.85], dp € R, By, 00 € R¥, and consider the construction of the
most powerful unbiased test against the specific alternative Hj(b) : 5 = b, = do —b, 8= Bo—i—bAgl,S =
5o — bAgy p = po, which is indexed by b € R. Any 5% level test for the unrestricted null hypothesis is
also of level 5% under the specific null hypothesis Hy : 8 = 0, = d, B = BO,S = 50, p = po- The log
of the RN derivative of the distribution of (G, G’)" under H$(b) with respect to the distribution under
H; then becomes b(G(1) — G(pgy)) — 2(1 — py)b?. The experiment of testing H against H§ based on
the observation (G, G")" is therefore equivalent (in the sense of equivalence of statistical experiments)
to inference about b in the Gaussian shift experiment of observing X ~ N(b,1 — py). In particular, for
any test of H§ against Hj(b), there exists a test ¢ x : R +— [0, 1] that has the same distribution for all
b € R (this follows, for instance, from Theorem 3.1 of van der Vaart (1998)). It is well known that the
best 5% level unbiased test in the Gaussian shift experiment is ¢% = 1[|X//T — po| > $(0.975)], so
that the best unbiased 5% level test of H{ against H{(b) is ¢, (G). Since ¢, (G) does not depend on
d0, Bo, 90, and pg, 0o, By, do were arbitrary, this proves the claim.

(ii) The bound 7 in Proposition 1 is constructed via Lemma 1, i.e., 7 is the power of the Neyman-
Pearson test ¢y« of Hy~ against Hp, treating G as the observation, with A* the approximately least
favorable distribution A* determined as described in Section 3.1.

Now let A* be the probability distribution for (6, 3,4) with the same marginal distribution of 0 as
A*, and (ﬂ 6) (BA21,0A21) conditional on #. The Neyman-Pearson test of Hj3. against Hj, based
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on the observation (G, G')’, is then seen to be identical to ¢ .. The result thus follows from Lemma 1.

(iif) The maximal invariant is (¥, G(1)), where ¥(s) = (G(s) — G(1), G(s)’ — sG(1)'). Note that
the distribution of (¥, G(1)) does not depend on B, and that G(1) is independent of ¥. The log of
the RN derivative of (¥, G(1)) with respect to the distribution of (Bgi1,7), where Biiq isa k + 1

Brownian Bridge with covariance matrix ¥ and Z ~ N(0,1) independent of Bj.1, is equal to
515 (W(p) — pU(1)) + (B + 5p)G(1) — (1 — )= erd? — §(8 + 5p)?

where e is the first column of ;1. By the same arguments as employed in part (i), this experiment is
seen to be equivalent to the observation of (¥, G(1)), where ¥(s) = W(s) —sW (1) + (p(1 —s) +1[s <
pl(s—p))§/v/1— R2. A calculation yields that the RN derivative of the distribution of (¥, G(1)) under
0 ~ F with respect to the distribution of (B, W (1)) (where By(s) = W(s) — sW(1)) is

| 085 ((1 + (1 —=r)o3)(1+7(0f —03) — R*(1+03(1 —2r) + r2g§)> ~1/2

0.70 o1 - R
1 r—(2—r)rR? (1-r)rR? 1
RV B S t
X exp §U(T) (1—r)rR? 1 r(1-rR?) D(T) dr
T T 1-R2 0?—0% + 1-R?

where v(r) = ((1 — r)G(1) — ¥(r)/v/1 - R2,rG(1) + ¥(r)/v/1 — R2)', and under § ~ N(uy,0?) and

p=r,itis

-1/2 v
r(l - R2r)o,\ 2 O + G (1) + /0 )
It = exp | =375~ +3 T
Ué,l 1+ 0’571 1—R2

The power bounds 7y, were computed via Lemma 1 using these densities as described in Section 3.4.
The inequality Tiny (R?) < Tinw (R?) for R? < R? holds because one can always reduce the information of
the experiment with R? to that with R? by adding a data independent Brownian Bridge of appropriate

variance to V.

Condition 2 In the stable model with parameter I'g

(1) in some neighborhood By of Ty, lr(T) is twice differentiable a.s. with respect to I' for t =
1o T, T>1;

(i) for all s € [0.15,0.85] and € > 0 there exists K(s,¢) > 0
such  that  P(supp_p|>e 71 Ztti? (Ire(T) — lr4(To)) < —K(s,€)) — 1 and
P(supyr_ryjze T~ i ory 1 (D) = Ir4(To)) < =K (s,6) — 1;

(1) {s7+(T0),81+} is a  square-integrable — martingale  difference  array  with
71 Zti? Elst+(To)sT+(To) |§7,t-1] Losnt for all 0 < s < 1 and some (k + 1) x (k + 1)
dimensional matriz X, T~ sup;<r || E[s7t(To)s,¢(To) [F1,t—1]| 2,0 and there exists v > 0 such that
T ST Elllsra (Tl P18 r-1] = Op(1);
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(iv) T—1 Zthl [t (To)|| = Op(1), T~ supser ||hre(To)|| 2,0 and for any decreasing neighborhood
Br of 'y contained in By, T~" Zthl SUPreg, [|hr+(I') — hr+(To)|| LR 0;

(v) Forall0< s <1, TS EM ppy(mg) B —so-L,

Part (ii) of Condition 2 is an identification condition that ensures consistency of the pre and post
potential break maximum likelihood estimator—cf., for instance, Condition 6 on page 436 of Schervish
(1995). Parts (ii)-(v) are a special case of Condition 2 in Li and Miiller (2007) and Condition 1 in

Miiller and Petalas (2007), who provide further discussion and references.

Proof of Proposition 3:
We first show convergence of the experiment involving observation X7 as T — oo to that of observing
(G,G") in the sense of Definition 9.1 of van der Vaart (1998).

By Lemma 1 of Li and Miiller (2007), any unstable model with parameter evolution (16) is con-
tiguous to the stable model. Furthermore, by the same reasoning as employed in the proof of Lemma
1 of Li and Miiller (2007), under the stable model,

R A R Ty I S R 1 Sy I R E R
lLRT—/O (megp])z AWr(\) 2/0 <B+51[A§p]>z <B+51[A§p]>dx+p<1)

where Wrp(\) = T-Y25-1/2 Z::Li? stt(I'0). By Theorem 3.6 in McLeish (1974), under Condi-
tion 2 (i), Wr(-) = (W(-), Wxs1(-)). Thus, by the Continuous Mapping Theorem (CMT), also
(Wr(-),InLR7) = (W(-), Wir1(-)),InLR) in the stable model, where In LR is the r.h.s. of (18) with
(G,G") replaced by (W, WIQ—H)/' Since LR is the RN derivative of the distribution of (G,G’) with
respect to the distribution of (W, (AyyW + AgaW;)')', the general version of LeCam’s Third Lemma
(see, for instance, Lemma 27 of Pollard (2001)) thus implies that Wy (-) = (G(-), G(-)')’ in the unstable
model (16). The convergence of the experiments now follows from the same arguments as employed in
the proof of Theorem 9.4 of van der Vaart (1998).

Now for part (i), fix arbitrary 6; € @1,B1,(~51 € RF. Let T" be a subsequence of T such that
limsupy . By, 3 3, [or(X7)] = limgr o0 Ey 5.5, [ (X77)]. By (19), there is a further subsequence
T" and test ¢ such that E, 5 5[pps (X7v)] — EQVB,S[QD(G,G)] for all @ € ©gU Oy, 3,6 € R¥. Since pp
is asymptotically unbiased and of asymptotic level 5%, this implies ¢ to be a 5% level unbiased test.
By Proposition 2(i), the most powerful unbiased test is ¢,, so that limsups_, Ey 5.5, [or(XT)] =
By 5 5,9(G O] < By 5 5.[0,(G)].

Parts (ii) and (iii) follow analogously.

Details on Determination of Approximate Least Favorable Distribution:

The distributions ¥ on ©p mentioned in the main text are of the form "p is uniform on
[max(0.15,a/100 — ), min(0.85,b/100 + 1)] and & is an equal probability mixture of § ~
N(us,0%) and 6 ~ N(—ps02)" for some integers a,b € {15,---,85}, b > a, and
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ps, o2 > 0. Collect the four determining numbers of ¥ = W, in the vector ¢ =

(a,b, s, 0%). The density of G(-) under W, with respect to the distribution of W(-), is given by

1 min(0.85,b/100+1/2) 2.
min(0.85,6/100+1/2)—max(0.15,a/100—1/2) J ax(0.15,a/100—1/2) F(r, pt5, 05; G)dr, where

1U6G() —Wg] OSh[G(r)2M6]

2 N (2 ~1/2
b) b 7G - 1
f(rypus,05;G) = (ros +1) expls ol 11 c ol 11

and the density of G(-) with (5,68, p) ~ F as in Condition 1 is given by 55 f001855 (r; G)dr, where

o3(G(1) = G(r))?
(1- r)a% +1

;%G( r)?
2 7“06 +1

h(r;G) = (ro? + 1)_1/2((1 - T)O% + 1)_1/2 exp| +

N

As discussed in the main text, we approximate integrals with sums over the 100 point grid r €

ﬁm?ﬁv'” ,1}. Thus, we replace 070 foof;’ (r;G)dr by = Zl 15 h(1/100), and for the distri-

bution ¥, we approximate the resulting density by f(¢;G) = a+1 Z?:a f(1/100, s, 0% G) for

s = (a,b, us,02). All A we consider a mixtures of ¥.’s. Let ¢ = (gl, - ,6N), = (p1,-++ ,pN) with
Zé\;l pj = 1. Thus, Neyman-Pearson tests can be written as (s, p,cv) = l[h(G)/Zj.V:1 pif(s;G) <
1/ cv] for some cv € R, with null rejection probability mo(s, p, cv;s) = [ Eple(s, p,cv; G)|d¥(0) under
Hy_. In the following, write H, for Hy_ to ease notation. We approximate mp with the Monte Carlo

estimator

-1
20000 10

Tols: P-¢Vi9) = 55500 L+ CVZPJ
=1

g]’

s (35)

100
=1

one can generate G by suitably transforming Gaussian Random Walks with 100 steps. In contrast

where G are (pseudo) random draws from G under W.. Because h and f only depend on {G(//100)

to the standard Monte Carlo estimator based on averaging ¢(s, p,cv) directly, the numerically close
analogue (35) is a differentiable function of (p,cv), which greatly facilitates the computations below.
The algorithm calls three subroutines SR1, SR2 and SR3.

SR1 The routine takes a set ¢ = (1, ,sn) and a levels a = (a1, -+, an) as given, and returns an
estimate of the least favorable distribution A} and corresponding critical value cv that describes
the Neyman-Pearson test of the composite null hypothesis H¢ : G has density ¥, for some ¢ € ¢
against Hp, which is of level aj under H,, j = 1,--- , N. The distribution A{ is a mixture of the
P.’s, ¢ € ¢. By the same argument as in Theorem 3.8.1 of Lehmann and Romano (2005), the least
favorable mixing weights p* = (p},--- ,p}) have the two properties (i) mo(s, p*, cv;s) <  for
I=1,---,N;and (ii) mo(s, p*, cv;¢;) < v only if p; = 0. This motivates the joint determination

of p and cv as numerical solutions to
7o(s, pyevisr) <oy and p(7o(s,p,cvis) —ay) =0 forl=1,--- N. (36)

Specifically, we determine appropriate p and cv by minimizing the objective function
N

> (aopi + expla (Fo(s, p,evir) — an)])(Fo(s, p, evisr) — ar)? (37)
=1
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where ag = 100 and a3 = 2000. As a function of p and cv, (37) is continuous and with known
first derivative, so that a standard quasi-Newton optimizer can be employed. Also, the 20000/N2
numbers f(s;; G7)/h(GY) for G drawn under g; fori=1,--- ,N,l=1,--- ,Nandj=1,---,m
can be computed and stored once to speed up the the evaluation of 7¢(s, p, cv;s;) and its partial

derivatives.

SR2 The routine takes (s, p,) as inputs and returns (¢’, p/,@’) of length N’ < N by eliminating

values (6;,p;, oj) with p; approximately equal to zero.

SR3 The routine takes a test ¢ described by the triple (g,p,cv), a set grid of values ¢, =
(G917 ,Sg,N,) and a nominal level a, € [0,1] as given, and determines whether ¢(s, p,cv)
is of level v, under Hy/, ¢’ € ¢’. Specifically, it evaluates 7o(s, p, cv;<’) for all ¢’ € ¢’ in a random
order until 7o(s, p,cv;<’) > ap, in which case ¢’ is returned. Otherwise, the routine returns a

flag indicating that the test is of level a,.
Overall the algorithm iterates between the subroutines as follows:

1. Initialize ¢ = ((15,24,28,200), (75,85, 28, 200), (15,85, 20, 4), (85, 85,3, 4), (15, 85,0,300)} and
a = (0.033,0.028,0.034,0.0445). Call SR1 and SR2 to obtain (s, p,cv).

2. Fori=1to 7:

(a) Call SR3 with (¢, p,cv), ap = ap; and 65 = Gy .

(b) If SR3 returns ¢, extend ¢ by ¢ and a by «;, and call SR1 and SR2 to obtain new (g, p,cv).
Go to step a.

(c) If SR3 returns flag that (s, p,cv) is of level ay,, increase i by one.

The 7 grids ¢4; and o, ; are described in Table 5. The grid contains all possible combinations of
s = (a,b, pg5,02) with a and b consecutive values in column 2, and p4 as in column 3. The randomization

in SR3 prevents cycles that arise through the thinning operation in SR2.

Details on Size Control Computations:

The test * as defined above only depends on {G(I/100)}1%, and conditional on the Monte Carlo
draw of the random walk {W;(1)}%, G;(1/100) = W;(1/100) 4 § min(p,/100) is a function of & and p.
Write S;(d, p) for the induced function ¢*(G;). The approach outlined in Section 3.3 requires that for
any given values 0 < §; < d2 and 0.15 < p; < py < 0.85, an algorithm must (attempt to) determine
MiNg, <§5<8y,p, <p<py Si(0, p) and Maxs, <5<s,,p, <p<p, Si(J, p) (it is sufficient to consider non-negative d,
because ¢*(G) = ¢*(—@)). For this determination, we now consider how supFy, Iy, fo and LRg behave
as functions of (d,p) on the rectangles 01 < § < d2,p; < p < py where p; and py are such that
lo —1 < 100p; and 100py < Iy for some Iy € {16,--- ,85}, conditional on Wj;.
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Table 5: Grids for Computation of Approximate Least Favorable Distribution

v 1 s o2

1 15,20,75,83,85 0,2,---,20 300 4.45%
2 15,20,75,83,85 0,2,---,16 50 4.45%
3 15,20,75,83,85 0,2,---,22 10 4.50%
4 15,20,75,83,85 0,2,---,22 3  4.55%
5 15,20,30,45,60,70, 75,80, 83,85 0,2,---,22 10  4.55%
6 83,84,85 0,3,--,18 1 4.60%
7 15,20,25,30,35,40,45, 50, 55, 60, 65, 70, 75,80,83,85 0,1,---,22 10  4.60%

For supF ), note that ((IOO—Z)G(W) —(I-1)(G(1 )—G(ﬁ)))/ (100 = 1)(I — 1) = a™P¥ (1, W;) +

§ - B"PF(1,p), where a®"PF(I,W;) does not depend on (p,8), and b"PF(l,p) = bRF(l,p) =
V(I =1)/(100 = 1)(1 — p) for I < Iy, bPF(l,p) = bZ’%F(Z) = /(100 —1)(I — 1)/100 for I = Iy and

bWPE( p) = b;l(l)gf (I,p) = /(100 — 1)/(l — 1)p for I > ly. Thus, as long as {a(l, W;)* < 90 (which is

true for almost all draws of W;),

< /100
51 (Hgg?x bpre (L, pa) + bmia(lo) + rglzix bpost (1, p1)> < 5 supFy

<
< da <1én?x bpre(l pl) + bmzd(ZO) + rglaXprost(l p2)>

For o, note that with & = pd, So(1) is of the form So(l) = So(1,8,€) = 37—y (a5 (1, Wi) + b5 (1)5 +
cfj(l)f)2 for ¢ € {pre,mid, post} in self-explanatory notation. In particular, bSTe (D) =1, bgost (D) =
bgnd (D) =0, bpre 2(1) =0, bgm’d,z(l) (1 —1)t/100, by, post,2(l) =0, Cgre,l(l) =1, Cpost () = mid,l(l) =
100 =1, cprea(l) = 0, cpigo(l) = —(1 = 1), and o 5(1) = 1. Let p = 5(py + pa), 6 = 5(61 + 62),
and £ = pd, and define | = arg maxjg<;<ss S0(l,6,€). With Sa(l,6,€) = So(l,8,&) — So(?,é,f) and
T = [61,02) X [£1,&), & = 61py, & = Oapy, the set of possible values for [y is a (possibly proper)
subset of Lo = {16 <1 < 85 : sup(s e Sa(l,0,€) > 0}, because the range of Sa(l,0,¢) on 7 is at
least as large as the range of SA(I, d, pd) on [d1,02) X [p1, py), for each I. Since Sa(l,9,£), viewed as a
function of § and &, is a quadratic polynomial, the minimum and maximum occur either in a corner
(0,8) € {(01,&1),(01,&3), (01,&5), (d2,&5) }, or, possibly, at a local maximum along one of the four sides,
or, possibly, at an interior extremum. The five potential interior local extrema are easily computed by
solving the appropriate linear first order conditions.

Given IA/O, it is straightforward to construct upper and lower bounds on .

Finally, for LRy, note that the exponents in the numerator is a positive definite quadratic poly-
nomial in § and £ = pd. Expanding cosh(z) = %exp(x) + %exp(—x), also the denominator can be
written as a sum of exponentials where each exponent is a positive definite quadratic polynomial in

(0,€). Since positive definite quadratic polynomials are convex, and the sum of log-convex functions

is log convex, both the numerator and denominator are log-convex functions of (,¢), say, NLr(9,€)
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and Dpr(0,€). Let p be the 2 x 1 vector of partial derivatives of In Drr(6,€) at (d,€) = (6,€). Since
In Dir(5,&) — (6 —0,& — €)vp is convex with zero derivative at (d,¢&) = (6,€), it takes on its minimum
at (6,€), and since In NL.r(d,€) — (6 — 6,& — &)vp is convex, it takes on its maximum in one of the

corners. Thus, _ _
max_Npg(d,&)exp[—(0 — 6, — §)vp]

4 T
max LRo < (bh)e =
01<6<02,p1 <p<py DLR(67 6)

and, reversing the role of the numerator and denominator, we can construct an analogous lower bound.

Details on Power Bound Computations:
A standard Wiener process on the unit interval W can be decomposed as W(s) = Dj,(s) + aw +
(s — 1/2)Byy, where ay and Sy, are the coefficients of a continuous time least squares regression of
W(s) on (1,s — 1/2), and DJ,(s) are the residuals. Let Dy} = [ D7(s)?ds. With these definitions, a
straightforward calculation yields fol W (s)%ds = Dyt + %B%V + aw By + afy,. Further, define Dy (s)
as the demeaned Brownian Bridge W (s) — sW(1), Dw(s) = W(s) — sW(1) — aw + $W(1), and
note that Ay = supgc,<; [W(s) — aw| < 3|W(1)| 4 supg<<q [Dw (s)| and AJ} = supgc,<g W(s)? <
20w law | + A%, + | fol W (s)?ds — ay|. These expressions are useful because (i) (W (1), aw,By) are
jointly Gaussian with known covariance matrix and independent of Dj,(-) (and thus Dj}); (ii) the
distribution of DW‘} can be computed exactly by inverting the characteristic function derived in Theorem
9.12 of Tanaka (1996); (iii) Darling (1983) provides a formula for the c.d.f. of supg<,<; Dw (s).
Evaluation of the expression in Darling (1983) yields P(supg<,<; D(s) > 2.2) < ep = 510712,
so that P(supg<s<; [Dw(s)| > 2.2) < 2ep. Also, evaluation of the c.d.f. of Djj} at the 15 points
0.1,0.2,---,1.5 by inverting the characteristic function, as discussed in Chapter 6 of Tanaka (1996),
permits the straightforward construction of the two random variables D?j}l and Dj}" such that
P(Df,[c}l < Dijp < Dip") = 1 by suitably transforming uniform random variable on the unit interval
(with Dyt taking on the value 400 with probability P(Dy} > 1.5) ~4-10~'*). Let (Z;, aw;, By/;) be
J ii.d. Monte Carlo draws from the distribution of (W (1), aw, By ), let (D] D3 D D) be J independent
i.i.d. Monte Carlo draws from the distribution of (D%4!, D%4%). Then deﬁne Si; =22+0.5|Z;| and
Sy ; = 2law;| St + (S1,)? + Dt + 585 +awiBw;l, Woj = W+ Zi /N T, Wy = Wy +aw [V,
W2 = <DSC“ + 38% + awBy + ad)/J + aw Wy /VT + W and W2' = W2 4 (Dit — Dial) /g
for j =1,---,J, where W;; = 0. Wlth the 1rnplernented number of J = 800,000 mtervals a draw
{Wfl,sz WJ,SIJ,SQJ}J | satisfies W2 < I/V2 < W ;15 < S and Sy < S forallj=1,---,J
with probability of at least (1—2ep)” > 1—7-107° by construction. Thus, very slight corrections to the
estimated critical value and Monte Carlo rejection probability yields an unconditionally conservative

Monte Carlo estimator of the power bounds.

Proof of Proposition 4:
(i) The CMT, and, in the case of Z, some tedious algebra, imply that [ = Iy and sfp? = supF with
Iy and supFy as defined the definition of ¢* above (note that replacing G' by G leaves lo and supF
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unchanged). Define 7 = T1/2(7post ~ Ypost,0) and o = T'/? (Ypre = Ypost)-

(i.a) Since G(s) = Go(s) + (s, the result follows from the CMT.

(i.b) We have fpost/Br = /1 —1o/100/0 and a calculation yields 52 InLR % ¢ > 0, so that
P(|Epost| > 2.01) — 1 and P(LR > 2.41) — 1.

(ii) Note that 672 (Y,0s¢([100p]) = Apre([100p] — 1))2 5 1 and &
that P(supF > 90) — 1. Let

22,6([100p]) & 0%/(1 - 1/100), so

-1 100
g(l) = Z(Apre(j) - ﬁ/pre(l - 1))2 + Z (APOSt(j) - :Ypost(l))2
J=1 J=l+1

where Ape(j) = Ypre(15) for j < 15 and Apost () = Ypost(85) for j > 85, and note that
[ = argmaxjg<;<gs S(1). If 100p # [100p], then S(|100p| + 1) = O,(T~1), and for all I # [100p]| + 1,
P(TS(l) > M) — 1 for any M € R, so that [ 2 [100p| + 1. Part (ii.b), and part (ii.a) for p ¢ Rgpid,
now follow from the CMT.

Consider thus the proof of part (ii.a) if 100p = |100p]. By the same argument, P(l ¢ {lo,lo+1}) —
0, where lop = 100p. If [ € {84, 85}, the result follows again from the CMT. Otherwise, define ¢p,s:(lo +
1) = (W) — WE)/T— B ~ N(0,1) and tpurllo +2) = (W(1) — W)/ /1 — 52 ~
N(0,1), and consider

Slo) = Slo+1) = Apre + Apost(lo + 1)% — (100 — I)Fpost (10)? + (99 — lo)Apost (lo + 1)?
= AS(ly) = a-tpost(lo + 1)* 4+ tpost(lo + 1) B(lo) + C(lo)

where Ay is a function of {,,.(1) 50;1;, the convergence follows from the CMT, « is a positive constant,

and B(lp) and C(ly) are random variables that are independent of ¢, (lo + 1) and ¢post(lo +2). Thus,
by a further application of the CMT, we obtain

Frost = 1[AS(l0) = 0]1[[tpost (Io + 1)] > 2.01] + 1[AS(lo) < O]1[[tyost(lo +2)| > 2.01].  (38)

Consider now the rejection probability of the r.h.s. of (38) conditional on B(lp) = b and C(lp) = c.
Noting that AS(lp) is a quadratic function of ¢ps:(lp + 1) with positive coefficient on the square term,
one obtains that the rejecting probability is bounded from above by the replacement 1[AS(ly) > 0] =
1[tpost(lo + 1) < —2.01], for any value of b, c. A numerical calculation now shows that the conditional
rejection probability remains below 5% even in that case for all [y = 15,--- , 83, and the result follows.

(iib) Immediate from P(l ¢ {ly,lo+1}) — 0 and ﬂ}l(‘ypost(l) ~YVpost,0)/ @post (1) m/a >0
for all I > .

(iii) The claim is essentially a special case of Theorem 1 of Andrews and Guggenberger (2007c).
Let 07 be a parameter sequence such that lim supy_,, Fp,.[¢*(Y7)] = limsupy_, o, supgee, £o[@*(Y7)].
Pick a subsequence T” of T' such that limg_. Ep,, [p*(Y7)] = limsupy_ o, Ep, [¢*(Y7)]. Since Og =
©9 U{(0,p,0) : p €10.15,0.85],0 € {+00, —o0}} is compact under an appropriate metric, there exists
a further subsequence Opv of 67/ such that 07v — 6 = (0, p, ) € ©p. If p ¢ Rypig, then the result
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follows as in parts (i) and (ii). If p € Rgyyiq, then by assumption, there is a further subsequence such
that (32) holds, except for (33). Proceeding as in the proof of part (ii.a) now again yields the result
(and for the case vpre(lg) € {+00, —00} or Vpest(lo) € {400, —00}, P(|AS(lp)] < M) — 0 for all M, so
that 1[AS(lo) > 0] 2 0 or 1[AS(lp) > 0] 2 1).

Justification of (31) via Andrews (1993):

The true parameters are given by I'r; = Fpost—f—T’l/Ql[T < 100pp]Ap, where Ap = —(wdr, —ST) —
Ao € R and pp — py € [0.15,0.85], so that E[g(Xry, 1) = 0. Write g:(T) for g(Xr4,T).
Our set-up corresponds to what Andrews (1993) refers to as ’pure’ structural change. We now
show that under Assumption 1 of Andrews (1993), with the assumption in part (b) E[g:(Tg)] =
0 replaced by E[g/(I'rt)] = 0, (31) holds. These computations closely correspond to what is
derived in Section 5.4 of Andrews (1993), with two differences: first, we do not assume that
max<7 Sup|r_r, . ||<r-2x || E[Te(I)] — Y|| — 0 for some K > 0 (cf. first line on page 832), and
second, we consider sequences for Ap and pp. (We note that there is a typo in Assumption 1-LP of
Andrews (1993); it should read sup,.cy ||VT Emr (6o, 7) — p(m)|| — 0.)

By the argument in Andrews’ proof of Theorem 4 (a), it suffices to
show that supogsngT_lﬂE[ZtiTlJ gt(Tpost) + T [Tme(D)dl]]]  — 0. Now clearly
supg< st || Hmroo T 25 0 (8/T) = f3 mo(D)dl]| — 0. Also,

[sT] B [min(s,p7)T | -
T 2By 9i(Tpost) + T2 T0p(t/T)] = T2E[ Y giTpowt) + T 2Tt/ )]

t=1 t=1

= (¥ = E[Tr(min(s, pr))]) Ar

where Tr(r) is equal to T Z}fy fol Yi(Tpost + AT~/2Ar)d\. Furthermore,

5 B LmaX(PmPT)TJ 1
sup ||[E[Y7(min(s, pr) — Yr(min(s, pp)l]| < T7'E > / Yo(Tpost + AT 2 Ar)dA|
0<s<1 t=|min(pg,pp)7] *°

< ([max(pg, pr)T'| — [min(py, pr)T'|) iggE[ggg ()] — 0

where the convergence follows, since by Andrews’ assumption 1(f), sup;<r Efsupreg, || T¢(I')||] = O(1)
for some neighborhood Gy of Tpog. Finally, supge,<q ||T — E[Y7(min(s, py))]|| — 0 follows from
Andrews’ (A.8).
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