


Figure 3: Equilibrium cycles.

In conclusion, for OLG economies, standard computational methods based on iteration
of continuous functions do not guarantee convergence to an equilibrium solution, and may
miss some important properties of the equilibrium dynamics. In these economies it seems

pertinent to compute the set of all SCE.

7 Concluding Remarks

This paper provides a theoretical framework for the computation and simulation of dynamic
competitive-markets economies in which the welfare theorems may fail to hold because of
market frictions or the existence of an infinite number of generations. We have applied
these methods to various macroeconomic models with heterogeneous agents, incomplete
financial markets, exogenous and endogenous borrowing constraints, taxes, and money. Our
numerical algorithm was especially helpful for the simulation of an international business
cycle model and for an OLG economy. These models are not amenable to computation by
social planning problems because of the existence of real and financial frictions. They are
not amenable to computation by projection methods with continuous equilibrium functions

because a continuous recursive representation of equilibrium may not exist. And they are
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not amenable to computation by perturbation methods because the ergodic region may be
quite large: Agents accumulate assets to accommodate idiosyncratic and aggregate risks.
The application of both projection and perturbation methods may be rather cumbersome
in problems with market frictions, and exogenous and endogenous constraints.

We employed our algorithm to contrast the quantitative implications of models with
exogenous vis-a-vis endogenous borrowing constraints for risk sharing problems. In the
asset pricing framework of Kehoe and Levine (2001), the economy with exogenous borrowing
limits displayed higher volatility in asset prices and consumption than the economy with
endogenous borrowing constraints. The economy with endogenous constraints had enough
securities so that markets were otherwise complete, and equilibrium had a simple symmetric
form with constant prices. Exogenous constraints did not allow for such simple equilibria,
which in turn generated higher volatility of asset prices and almost twice as much volatility
of individual consumption. We then considered an expanded version of Kehoe and Perri
(2002) with cross-country risk sharing in a full-blown model with capital accumulation
and standard production functions. Here, endogenous borrowing constraints improve the
predictions of the model relative to the data, in line with the findings of Kehoe and Perri
(2002)|. As these authors point out, models with additional frictions may be necessary
to make the theory fully compatible with the data. We showed that preference shocks
and taxes may improve the cross-country correlation of investment and labor. All of these
results add to a large body of literature in which nonoptimal dynamic equilibrium models are
critical to improve on the quantitative predictions of representative-agent models. Reliable
methods for the numerical approximation of these economies should be instrumental for
making further progress. For instance, Feng (2011) generalizes our methods to study the
quantitative implications of time inconsistency for optimal taxation problems in realistically
calibrated model economies.

Our quantitative analysis ends with the study of two different versions of standard over-

lapping generation economies, which illustrate some of the pitfalls that may result from the
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use of methods without solid foundations. The first test case is the economy of Kubler and
Polemarchakis (2004) where competitive equilibria do not admit a recursive representation
on the natural state space. We apply a standard projection algorithm and easily find a fixed
point with reasonable Euler equation residuals (of order 10~%). Nevertheless, this approxi-
mation is shown to yield substantially biased predictions relative to the true equilibrium and
dynamic behavior of the model. The second test case is a classical monetary economy with
a backward bending offer curve. A standard projection method could only capture one of
the equilibrium arms. The selected arm depends on initial conditions. Cycles and some rich
dynamic behavior of the model are not generated by this standard computation method.
Finally, this example illustrates that randomizations of the equilibrium correspondence may
result in unacceptable approximation errors.

For optimal economies, sequential competitive equilibria are generated by a continuous
policy function that is the fixed-point solution of a contractive operator. Continuity of the
policy function allows for various methods of approximation and functional interpolation,
and is essential to validate laws of large numbers for the simulated paths. Differentiabil-
ity and contractive properties are useful for the derivation of error bounds that can guide
the computation process. For economies with distortions or with an infinite number of
generations a continuous Markov equilibrium may not exist. We establish a general re-
sult on the existence of a Markovian equilibrium solution in a suitably expanded space of
state variables, and provide upper and lower bounds for equilibrium allocations and prices.
We construct a numerical algorithm that has desirable approximation properties regarding
global convergence of the iterative procedure and numerical accuracy. In particular, we
show that as we refine our approximations, the numerical solution converges uniformly to
the exact solution of the model.

There are three main properties of our algorithm that should be of interest for quan-
titative work in this area. First, the existence of a Markovian competitive equilibrium

is obtained in an enlarged space of state variables with shadow values of investment and
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continuation utility values. Our choice of the shadow values of assets returns is dictated
by computational considerations. The continuation utility values allows us to deal with
endogenous borrowing constraints. Hence, this set of variables is a minimal addition to
the state space to restore existence of a Markovian equilibrium and with the property that
the added variables enter linearly into the Euler equation. Second, the algorithm iterates
in a space of candidate equilibrium sets — rather than in a space of functions. Iteration
over candidate equilibrium sets computes the whole set of competitive equilibria, and in-
sures convergence to the fixed-point solution — even if Markov equilibria are not continuous.
For the OLG economy of section 6 it was pertinent to have a global understanding of the
equilibrium dynamics. And third, the algorithm provides a reliable method for model sim-
ulation. There are many papers following the lead of Kydland and Prescott (1980) and
Abreu, Pierce and Stacchetti (1990) on recursive characterizations of equilibria, but none
of these contributions is concerned with the numerical implementation. Hence, our results
should provide a useful benchmark for the construction of other algorithms.

Of course, our methods must face some computational challenges. Iteration over sets is
computationally much more costly than iteration over functions. Therefore, the expansion
of the state space along with iteration over sets should certainly be manifested into an
additional computational burden. Since the many computational tasks in our algorithm can
be decentralized, the development of high-performance, parallel computing will certainly
make our methods more attractive.

Our general accuracy results imply uniform convergence to the true solution but lack
error bounds. This lack of accuracy should be expected because our models cannot be
restated as optimization programs, and miss some common concavity, differentiability, and
contractive properties. In terms of numerical implementation, the innovative techniques
for error estimation proposed by Judd, Yeltekin, and Conklin (2003) require convexity of
the approximations, but convexity cannot be imposed on our algorithm because it may

arbitrarily expand the set of equilibria. It is therefore of great interest to extend these

36



innovative techniques on estimation of error bounds to the present context. Finally, the nu-
merical implementation of our algorithm starts with an initial correspondence of potential
equilibrium values. In most numerical work it is imperative to bound the ergodic region in
order to minimize computer costs. This task, however, may become much more delicate for
non-optimal economies. In our applications above we have developed various procedures
to bound equilibrium allocations and prices by ruling asset pricing bubbles and by defining
a value function for each household over future equilibrium paths. This value function is
convenient because it can embed exogenous and endogenous borrowing constraints, and real
and financial frictions. Hence, market imperfections do not have to be dealt with explic-
itly in establishing bounds for equilibrium allocations and prices. Our techniques should
certainly be valuable to establish equilibrium bounds in related models with heterogeneous

agents and market distortions.

37



8 Appendix

In this Appendix we prove some key results formally stated in sections 2 and 3. For
convenience, we also offer a proof of existence for the model of section 5, and establish

equilibrium bounds. All other claims in the paper may rely on similar arguments.

Proof of Theorem 2.1: Let Vo O V* and Py D P*, and (V;, A;) = B(Vi_1, A;_1) for all
1 > 1. To insure monotone convergence, let us now redefine these sets as V,, = U;‘inffl and
P, = UX P, for all n. > 0. Then (V;,, P,) = B(Vy_1, Po_1) and (Vi, Py) C (Pa_1, Pu_1)
for all n > 1. It follows that the sequence {(Vj,, P,,)} must converge to a set (VU K PY).
Further, (VY, PY) = N, (Vp,, P). Therefore, (VY, PY) = B(VY, PY). We next prove
that (VY,PV) = (V*,P*). Indeed, by the monotonicity of operator B we get that
(V*, P*) c (VY,PY): also, (VU PY) C (V* P*) since every fixed point conforms an
equilibrium — given that the transversality conditions are trivially satisfied in this model.
To complete the proof of the theorem, just note that (VY, PV) c (V*, P*) C (V,,, P,) for all
n > 1. Since we have already established that (V,,, P,) — (VU, PY), we get that V,, — V*
and P, — P*. It is clear from these arguments that (V*, P*) is the largest fixed-point of

operator B.

Proof of Theorems 3.1: (i) Obvious. Operator B is monotone, (Vy, Py) 2 (V*, P*) and
BN (V* P*) D (V*, P*),

(7) Proof follows similar arguments as in proof of Theorem 2.1. Actually, (V# N ph )
(VN pshNY - and our discretized procedure allows for a finite number of set-values.
Hence, pointwise convergence implies uniform convergence.

(#41) Note that operator BN converges to B as h — 0 and N — co. Since (V*, P*) C
(VN PNy e get that (V6N PPNy 5 (V* P*) as h — 0 and N — oo.
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Proof of Theorem 3.2: The proof goes by contradiction. Since S is a compact set every
sequence must have a convergent subsequence. Hence, if the assertion of Theorem 3.2 is
not true there is a converging sequence {(:L"Z’N,z,yZ’N,mZ’N,pZ’N)} —(z, z,y,m,p) with
(xZ’N, z,yZ’N, mZ’N,pZ’N) Ggraph(V,{L’N, PT]LL’N) and d(graph(V,f’N, PS’N),graph(V*, P*)) >
€. Ash — 0, and N and n — oo, we must have [cf. Theorem 2.1] that (x, z,y, m,p) €graph(V*, P*).
However, this is in contradiction with the previous assertion that d(graph(qu ’N, Pl ’N),graph(V*, P*)) >

e for all N, h,n.

Proof of Proposition 5.2: The existence of a SCE can be established by approximating the
infinite-horizon economy by a sequence of finite economies. This is the strategy followed
by Jones and Manuelli (1999), but their proof does not apply to sequential competitive
economies. Of course, the hardest part is to provide upper bounds for equilibrium quantities
over all the finite-horizon economies. These bounds follow from Proposition 5.3 below.
Hence, following Jones and Manuelli (1999), we consider the following steps for the
proof of a SCE: (i) Existence of an equilibrium for a finite horizon economy. This result
is covered by the general proofs of existence of competitive equilibria for economies with
taxes, externalities, and incomplete markets [Arrow and Hahn (1971), Levine and Zame
(1996), Mantel (1975), and Shafer and Sonneschein (1976)]. (%) Uniform bounds for equi-
librium allocations and prices of finite-horizon economies. As already pointed out, these
bounds are established in Proposition 5.3 below. (iii) Existence of SEC as a limit point of fi-
nite equilibria. The preceding steps (i) and (ii) guarantee that there is a collection of vectors
(el (1), B(21), Ky (), B (2, €y (1), K (1), L (), 1 (), w0 (2) b 20 (2, €y (1) g
that can be obtained as limits of equilibria of finite economies. It is obvious that for
such limiting solution the market clearing conditions must be satisfied at each z!, and
that one period-profits are maximized. Moreover, for each agent i the limiting allocation
(ci(2), li(2Y), ki 4 (2),bi (28, €1 (=) must satisfy the sequence of budget constraints (14),

as well as the exogenous or endogenous constraints. This allocation is optimal since the
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discounted utility function is continuous in the product topology over the set of feasible
consumption/leisure plans (cf (') ,1 —1f (")), which are preferred to the endowment al-

location (ei (z¢), 1) This is because feasible consumption plans (c@ (zt)) are bounded

t>0" >0

above, and the endowment process (e% (zt)) is bounded below by a positive quantity and

>0

the endowment of leisure is always equal to one.

Proof of Proposition 5.3:  We first show that there are positive constants K™ and K™™"
such that for every equilibrium sequence of physical capital vectors (k:; 11 (zt))) 50 if K™ma® >
222:1 ki(2%) > K™ then K™ > Z?Zl i 1(2Y) > K™ for all 2. The existence of K™
follows directly from Assumption 5.1, since the marginal productivity of capital converges

to zero as K goes to oo for every fixed 0 < L < 1. Also, it obvious that K™" > 0.

T T

We now claim that there are constants r"%* and w™ such that for every equi-
librium sequence of factor prices ('r% (zt) Wi (zt)) >0 we have 0 < ri(zt) < r™maT and
0 < wi(z!) < w™ for all 2t. The existence of w™ follows from continuity properties of
the utility function. The household is endowed with one unit of labor. Hence, if the wage is
arbitrarily high it would be optimal to consume a large amount of consumption by giving up
a small quantity of leisure. If along an equilibrium path we have that r{ is arbitrarily large,
then k! must go to zero. From the Euler equation, consumption ¢ must also go to zero. But
this is not possible under either exogenous or endogenous constraints, as e > 0 is bounded
below by a positive quantity, and in the debt constrained economy the household can switch
to autarky. Moreover, using a simple arbitrage argument, we have that ¢; is also bounded.
Hence, the value function J*(k{, b}, z0,T0(2q), Wo(2y), a(zo), K(z,)) is well defined. As al-
ready pointed out the derivative Dy 5.J*(+, -, 20, T0(2q), Wo(2g), a(2y), K(z,)) is continuous in

(kj, b), z0,10(z0), W (2g), a(zy), K(z,)).” Moreover, by a simple notational change it follows

from (14) that function J’ can be rewritten as J'(af, b}, z0,To(zy), Wo(2o), a(zy), K(z,))

"Note that if b} is a large negative number then the value function is well defined, but the agent will
switch to autarky. In the autarky region the derivative of J® with respect to b} is zero. Hence, at the
point of switching to autarky, the derivative of J* will not be continuous but the differential is a compact
correspondence.
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wo(z,), K(z,)), where af = €}(z0) + (1 — 7) rok{. Then we can conclude that
0 < Dy pJ (kj, b, z0,10(z0), W (2g), K(zg)) <7, since €)(zp) is bounded below by a positive

number, and all feasible vectors (k, b, 20, To(2y), Wo(2g), K(2,)) lie in a compact set.
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