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MULTIVARIATE FORECAST EVALUATION AND RATIONALITY
TESTING

IVANA KOMUNJER AND MICHAEL T. OWYANG

ABSTRACT. In this paper, we propose a new family of multivariate loss functions that can
be used to test the rationality of vector forecasts without assuming independence across
individual variables. When only one variable is of interest, the loss function reduces to
the flexible asymmetric family recently proposed by Elliott, Komunjer, and Timmermann
(2005). Following their methodology, we derive a GMM test for multivariate forecast
rationality that allows the forecast errors to be dependent, and takes into account forecast
estimation uncertainty. We use our test to study the rationality of macroeconomic vector
forecasts in the growth rate of nominal output, the CPI inflation rate, and a short-term

interest rate. [JEL: C32, C53]

1. INTRODUCTION

Forecasting models typically rely on the interaction of a large number of correlated
variables to generate predictions. For example, VAR forecasting models build-in an in-
terdependence of key macroeconomic variables such as output, prices, employment, and
interest rates; see Sims (1986) and, more recently, Christiano, Eichenbaum, and Evans
(1999). Stock and Watson (1999) and Boivin and Ng (2006) construct forecasts with

the idea that the state of the economy is influenced by large numbers of co-moving data
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2 MULTIVARIATE FORECASTS

series acting through dynamic factors. Even the belief in the most elementary macro-
economic relationships—such as the Phillips curve or the Fisher hypothesis—introduces
an interdependence in the forecasted variables.!? It is, therefore, not unusual for fore-
casts to involve two or more correlated variables. A prominent example is the Survey of
Professional Forecasters (SPF), which reports forecasts of both output and inflation.

Tests of these forecasts’ properties, on the other hand, are generally conducted
ignoring—either explicitly or implicitly—the forecaster’s understanding of the multivari-
ate nature of the underlying model. In particular, most of literature on forecast rationality
testing assumes that the losses for individual variables are independent; see Kirchggissner
and Miiller (2006), for example. Under independent loss, multivariate losses are additively
separable, i.e., they reduce to sums of univariate losses in each of the variables taken sep-
arately. When there is dependence among variables, forecasters may internalize this and
the decomposition may no longer hold.

The consequence of additive separability may be reflected in a biased evaluation of the
forecaster. As an example, suppose that forecasts are made conditional on an assumed
path for, say, monetary policy. The forecast errors for other variables—e.g., output and
inflation—might be viewed in the context of that assumption. If the premise is violated,
relationships underlying the forecasting model might lead to an increase in the errors
for other variables. In an additively separable loss function, the penalty for missing the
policy variable is compounded by the consequent errors in output and inflation. Under
some circumstances, however, the forecaster’s recognition of the multivariate relationships
could mitigate the loss, altering either our conclusions about the behavior or rationality
of the forecaster.

Since the seminal works of Muth (1961) and Lucas (1973), rationality in expecta-
tion formation has been the cornerstone of economic models. The notion that agents
form expectations rationally is found, for example, in the early work on monetary policy

'The viability of these relationships for forecasting is discussed at length in Stock and Watson (1999)

and Barsky (1987), respectively.
2Perhaps the most telling evidence for multivariate forecasting is FRBUS, the model used by the

Federal Reserve Board of Governors to construct forecasts for monetary policymaking (Brayton, Levin,

Tryon, and Williams, 1997).
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(Friedman, 1968), the natural rate hypothesis (Sargent, 1973; Shiller, 1978), and bond
markets (Modigliani and Shiller, 1973; Poole, 1976), among others. Consequently, a large
body of empirical work has been devoted to testing the rational expectations hypothesis
(REH). Market-based studies typically consider the REH in financial markets.® Survey-
based studies, on the other hand, exploit cross-sections (and often panels) of data collected
from forecasters to test rationality.*

While survey-based tests have, on average, rejected the rationality of professional fore-
casters, these tests tend to treat expectation formation as independent across variables.
That is, forecast rationality is tested for each variable individually under the assumption
that the forecast errors are independent. Most economic theories, on the other hand,
are derived from multivariate models with co-moving variables. It therefore seems con-
trary to test rationality in either univariate or independent multivariate frameworks, as
both treatments belie Muth’s (1961) characterization of rational expectations as “distrib-
uted, for the same information set, about the prediction of the theory (or the ‘objective’
probability distributions of outcomes).”

In addition to assuming independent loss, rationality tests typically assume that the
forecaster’s loss function is quadratic. Thus, the forecaster’s objective is simply to min-
imize the magnitude of the forecast error, regardless of its directionality. Conclusions
drawn using tests bearing this assumption have, for the most part, revealed a lack of fore-
cast rationality. Recently, however, Elliott, Komunjer, and Timmermann (2005) (EKT
hereafter) argued that a simple quadratic loss may not be sufficiently flexible for evaluat-
ing forecast rationality. They argue that asymmetric loss, in which positive and negative
forecast errors may be weighted differently (Zellner, 1986; Christoffersen and Diebold,
1997; Batchelor and Peel, 1998; Elliott, Komunjer, and Timmermann, 2005, 2008; Patton

and Timmermann, 2007a,b), might better represent the forecaster’s objective function.

3In financial markets, rationality has implications for the realization of interest rate spreads (Fama,

1990; Campbell and Shiller, 1987; Bekaert and Hodrick, 2001) and exchange rates (Engel and West, 2005).
4These papers examine either the consensus, i.e., the distributions of expectations [see Pesaran (1987)

for a survey], or pooled agents (Figlewski and Wachtel, 1981). Bonham and Cohen (2001) examine

conditions under which either of these methodologies are valid.
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In particular, Elliott, Komunjer, and Timmermann (2008) find evidence for asymmetric
loss in the output and inflation SPF forecasts.

In light of these facts, we propose a test of multivariate forecast rationality that accounts
for the interdependence of the forecast errors caused by nonseparable loss and directional
asymmetries. The test is based on a novel multivariate objective (loss) function that ex-
plicitly models codependence in the forecasted variables. Desirable properties of such loss
include: (1) it does not treat the components of the forecast vectors as independent; (2)
it allows for asymmetry in the treatment of over- and under-prediction of the individual
variables being forecast. If agents have symmetric preferences, our multivariate loss func-
tion reduces to the sum of univariate losses. In this case, our test is equivalent to a joint
test of univariate rationality. However, if agents have directional preferences, assuming
additive separability produces two biases: First, it can alter the result of rationality tests;
second, the econometrician may incorrectly infer a greater degree of directional prefer-
ence on the part of the forecaster. In this sense, the assumption of additive separability
amounts to a misspecification of the forecaster’s loss function. Incorporating multivariate
loss can, in some cases, lessen the degree of asymmetry found in the panel of forecasters.

Empirically, the misspecification due to the assumption of additive separability is high-
lighted if the correlation of variables differs across subperiods. One such event occurred in
early 1994 when the Federal Reserve began to announce the federal funds target, altering
the informational environment for forecasters. Under additive separability, one might not
expect a change in Fed policy to affect the forecaster’s loss associated with, say, output or
inflation. Neglecting the forecaster’s accounting of the codependence between variables
can, thus, bias the estimation of the forecaster’s directional preferences. Under the mul-
tivariate framework, on the other hand, we can properly account for the codependence of
output and inflation with the policy variable in the forecaster’s loss function.

The remainder of the paper is organized as follows: Section 2 develops the theoretical
foundation for our multivariate approach. Here, we review the notation and assumptions,
propose a new family of multivariate loss functions, and derive their properties. Where
appropriate, we emphasize the differences between the univariate and multivariate loss

functions. Section 3 outlines the testing procedures for multivariate forecast rationality.



MULTIVARIATE FORECASTS 5

Section 4 describes the data used in our empirical application and presents the results. In
particular, we focus on the results of the rationality tests and the values of the asymmetry
coefficients in the estimated loss functions obtained in the pre- and post-1994 subsamples.

Section 5 concludes.

2. MULTIVARIATE FORECASTS AND L0Ss FUNCTION

2.1. Setup and Notation. Consider a time series Z = {z;,t € N} defined on a probabil-
ity space (Q, F, P) where Z : Q — RN and RN is the product space generated
by taking a copy of R for each integer, i.e., RN = x % R*™™ (n m) € N2. For
any t € N, we let F; be the information set generated by the sequence up to time ¢, i.e.,
F: = 0{zs,s <t} and Fp, = F. In what follows, we let z; = (y}, w})’, where y; denotes
the subvector of interest of the observed vector z,—y; € R"—and where the remaining
subvector wy—w, € R™—stands for other variables.” We focus on the distribution of y,
conditional on F;, which we denote F)(-), i.e., F)(y) = P(yi11 < y|F:) for any y € R”

where < denotes the usual partial order on R™.® We shall assume that:

Al. For all t =1,2,... the conditional distribution FQ(-) is absolutely continuous with a

continuous density f{(-) such that f2(-) >0 on R" a.s.-P.

In the forecasting problem considered here, we let f;,,; denote the time-t forecast of
the n-vector y;. s, where s is the prediction horizon of interest, s > 1. The forecast vector
f, s contains all the information comprised in F;, which is informative for y; s, including
lagged values of y; in addition to other variables w; used to predict y;,s. For simplicity, we
focus on the one-step-ahead predictions of y;;—denoted f;,; ,—knowing that all results
developed in this case can readily be generalized to any s > 1. Using the standard
notation, we let e;y; denote the time-t 4 1 forecast error n-vector, e;11 = yi11 — fi114.

Hereafter, for any scalar u, u € R, we let 1: R — [0, 1] be the Heaviside (or indicator)
function, i.e., T(u) = 0 if u < 0, M(u) = 1 if u > 0, and T(0) = 3 (Bracewell, 1999).
Similarly, we use sgn : R — {—1,0,1} to denote the sign function: sgn(u) = T(u) —

SFollowing the standard convention, we use bold letters for vectors (e.g., z;) and matrices (e.g., Bg).

0For any (a,b) € R?™ with a = (ay,...,a,), b = (by,...,b,), a < b means a; < b; for all 1 <i < n.
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I(—u) = 2M(u) — 1, and let § : R — R be the Dirac delta function. Note that the
Heaviside function is the indefinite integral of the Dirac function, i.e., T(u) = fa" do,
where a is an arbitrary (possibly infinite) negative constant, a < 0. For any real function
f : R" — R that is continuously differentiable to order R > 2 on R", we let V,f(u)
denote the gradient of f(-) with respect to u, V,f(u) = (0f(u)/0u;, ...,0f (u)/0u,)’, and
use Ayyf(u) to denote its Hessian matrix, Ay, f(u) = (02 f(0)/0u;0u ) 1< j<n-

For any n-vector u, u = (ui, ..., u,)" € R", we denote by [[ul|, its [,-norm, i.e., [ul|, =
(Jug|P + ...+ |un |P)/P for 1 < p < 00, and ||u||, = max;<i<,(|ui|). We define the open unit
ball By in R™ as By = {u € R" : [[u||, < 1}. vy(u), V,(u) and Wy (u) are an n-vector
and two n x n-diagonal matrices defined as: v,(u) = (sgn(uq)|ui|P7?, ..., sgn(u,) |[ua. P,
V,(u) = diag(d(ur)|ur [P, ..., 0(un)|un|P™t), and Wy(u) = diag(|ui|P73, ..., [un[P72), re-
spectively. Then Vy |[[ul|, = ||u||11)_p vy(u) and Ayy [lull, = ||u||11)_p {2V, (u)+ (p— 1)
[Wp(u) — [ull,” Vp(u)ug(u)} }, which we shall often be using in what follows.

Finally, for any m x n-matrix A = (a;j)1<i<m,1<j<n, We let ||A| = maxi<; j<n(|ai]).
Moreover, if B = (by)1<k<pi<i<q 1S @ p X ¢-matrix, we let A ® B be the direct product of
A and B (also called their Kronecker product), i.e., C = A ® B is an (mp) X (ng)-matrix

with elements defined by c¢,s = a;jb, where o = p(i — 1) +k and = q(j — 1) + L.

2.2. Multivariate Loss Function. In this paper, we generalize the flexible family of
loss functions introduced by EKT to n—variate forecasts. In the univariate case, EKT
map an exponent p, 1 < p < oo, and an asymmetry parameter o, 0 < o < 1, into a
non-negative function of an error e € R; the resulting family of losses is flexible enough
to accommodate the absolute value or quadratic loss, yet allows the latter to become
asymmetric. We now extend their definition to a vector-valued argument, e € R". Fix a
scalar p, 1 < p < oo, and let 7 be an n-vector with /,-norm less than unity, i.e., 7 € B,
where 1/p 4+ 1/q = 1 with the convention that ¢ = co when p = 1. For any e € R", we

then define an n-variate loss function as follows:

Definition 1 (n-variate Loss). The n-variate loss function L, (p, T,e) : [1,+00) x B} x

R™ — R (with 1/p+1/q = 1) is defined as

La(p,7.¢) = (Jlell, +7e) [lefs &)



MULTIVARIATE FORECASTS 7

When p = 1, the multivariate loss L,(1,7,-) can be used to define the geometric
quantile of the forecast n-vector error e, as proposed in Chaudhuri (1996), for example.
In a sense, L, (1, T,) is a multivariate extension of the univariate loss 2[1 —a+71(e)]|e|?,
well-known in the literature on quantile estimation (Koenker and Bassett, 1978). When
p > 1, the expression of the n-variate loss L, (p, T, -) is entirely novel and not yet seen in

the literature. We start by establishing some of its useful properties.

Proposition 1. Let L,(p, T,e) be the n-variate loss in Definition 1. Then, the following
properties hold: (i) Ly, (p,T,-) is continous and non-negative on R"; (ii) L, (p,7,e) =0

if and only if e = 0, and limyje| —o0 L (p,T,€) = oo; (iii) L,(p,T,-) is convex on R™.

The shape of the n-variate loss L,, (p, T,-) is characterized by the exponent p, 1 < p <
oo, and the n-vector 7 that quantifies the extent of asymmetry in L, (p,7,-). When
T = 0, the n-variate loss in Equation (1) reduces to [le[|}, which is perfectly symmetric.
On the other hand, for a nonzero 7, its magnitude [|7||, measures the extent of deviation
of the n-variate loss from the perfectly symmetric case; the direction of this deviation is
determined by the direction of 7. In a sense, both the direction and the magnitude of the
n-vector T influence the degree of asymmetry in the forecaster’s loss (see left and middle
panels in Figure 1).

When the variable of interest is of dimension n = 1 and the forecasts are univariate, the
loss in Equation (1) reduces to L; (p, 7, e) = [le| + 7¢] |e|’ " = 2[1 — a + 71(e)]|e|?, where
T=2a—1,a € (0,1), and p > 1 as previously (Elliott, Komunjer, and Timmermann,
2005, 2008).” In the univariate case, this flexible loss family includes (i) the squared loss
function L;(2,0,¢) = e* and (ii) the absolute deviation loss function L;(1,0,¢) = |e|, as
well as their asymmetrical counterparts obtained when 7 # 0 (i.e., a # 1/2) called (iii)

the quad-quad loss, L1(2,7,¢e), and (iv) the lin-lin loss, L;(1, 7, e).

2.3. Asymmetry and Dependence Properties. In order to gain further insight into
the features of the loss L, (p, T,e) in Equation (1), we consider in more detail the case
n = 2. In this bivariate case, it is assumed that the forecaster cares about the magnitude

and the sign of her errors e; and ey, committed when forecasting jointly the two variables

"Note that we have the following useful identity: 1 + 7sgn(z) = 2[1 — o + 71(z)], for all z € R.
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FIGURE 1. Lo(1,7,-) (left), Ly(2,7,) (middle), and L1(2, 71, -)+L1(2, 72, *)
(right) contour plots with a = (.50,.50)’, (.50,.25)", (.75, .25)", (.85, .25)’
(top to bottom).

of interest, y; and y,. The iso-loss curves corresponding to Ls (p, T,€) = constant, where
e = (e1,e2) and 7 =(2a; — 1,2 — 1)’, are then as plotted in the left and middle panels
of Figure 1.

For example, when p = 1, we have Ly (1,7,€) = |e1| + |ea| + 711 + T2€2 and the loss
corresponding to the bivariate error e = (eq, e3)’ equals the sum of individual lin-lin losses
corresponding to e; and ey: Lo (1,7,€) = Ly (1,71,e1) + L1(1,72,e3). In other words,

when the shape parameter p = 1, the forecaster behaves as if the variables of interest, 1,
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and 15, were independent. However, her loss in each of the two forecasts taken separately
is still allowed to be asymmetric.

When, on the other hand, p = 2, we have Ly (2,7,e) = |ei]* + |ea]® +
(1161 + T2€2) (Jer]® + ]62]2)1/ ?  which is no longer additively separable in individual losses
of either e; or ey alone: unless 71 = 79 = 0, we have Ly (2,7,€) # L1 (2,71,€e1) +
L1(2, 79, e3) for general values of the forecast errors. In this case, the bivariate loss differs
from a simple sum of the individual quad-quad losses, as demonstrated by the middle and
right panels in Figure 1.

When the shape parameter p of the n-variate loss in Equation (1) is strictly greater
than 1, L, (p, T, e) will in general differ from the sum of coordinate-wise univariate losses
Ly (p,71,€1) + ... + L1 (p,Tn,€n). Hence, minimizing the n-variate loss L, (p, T, e) will
in general produce an optimal n-vector e* whose coordinates e; do not necessarily each
minimize L (p, 7;,¢;). In other words, L, (p, T,e) captures not only the asymmetry but

also the dependence between different coordinates of e.

3. MULTIVARIATE FORECAST RATIONALITY: ESTIMATION AND TESTING

We now define multivariate forecast rationality. Intuitively, the n-variate forecasts shall
be called rational with respect to the n-variate loss L, (p, T, ) defined in Equation (1), if
they minimize its expected value. Since the information sets available to the forecasters
change in time, the expectation of the loss is conditional on F;; hence, any forecast in the
sequence necessarily satisfies an orthogonality condition We shall use this condition as a

starting point of our estimation and multivariate forecast rationality testing procedures.

3.1. Rationality Condition. Throughout the paper we assume that the forecaster’s

n-vector optimal forecasts of y; 1, forecasts which we denote £}, ;, satisfy the following:

A2. Forall t =1,2,... we have: £, , = argming,,, 3 E[Ly, (po, To,Yer1 — fri1.0)| Fil,
where Ly, (po, To, ) is the n-variate loss function with parameters py, 1 < pyg < oo, and

To € By, 1/po+1/q0 = 1, as defined in Equation (1).

Implicit in Assumption A2 are two properties: (1) when constructing her optimal fore-

casts, the forecaster has in mind a loss function whose argument is the forecast error






























Table 5

Pre-1994 (P = 2)

Univariate Multivariate
Info Set o T T _ T v _ 7 _ v _ T _ T —

a =a" =05 a =05 a" =05 a =05]a” =a" =05 a" =05 a" =05 a =05
1 0.2353 0.5588  0.2647 0 0.2647 0.5588  0.2941 0
2 0.3235 0.4706  0.3529 0 0.2647 0.5294  0.2647 0
3 0.1176 0.5294 0.1176 0 0.0882 0.5882  0.1176 0
4 0.2647 0.5882 0.4706  0.0294 0.2647 0.6471 0.3529  0.0294
5 0.0588 0.5 0.0882 0 0.0588 0.6471  0.0588 0
6 0.0588 0.5882 0.0588  0.0294 0.0294 0.6471  0.0588 0
7 0.2353 0.3529 0.4412 0 0.2059 0.5 0.3824 0
8 0.2059 0.4118 0.4118  0.0294 0.1765 0.5882 0.3235  0.0294
9 0.0588 0.4118 0.1176 0 0.0588 0.5294  0.1471 0
10 0.0294 0.2647  0.0588 0 0.0294 0.4412  0.0882 0
11 0 0.3235  0.0294 0 0.0294 0.2941 0.0882  0.0294
12 0 0.4412 0 0 0 0.4118 0.0588 0
13 0.0294 0.5294  0.0588 0 0.0588 0.5882  0.0882 0
14 0.0294 0.4118  0.0588 0 0.0588 0.4706  0.0882 0

Post-1994 (P = 2)
Info Set Univariate Multivariate

a’ =a" =05 =05 a"=05 a" =05|a’ =a" =05 a’ =05 a" =05 a =05
1 0.125 0.1562 0.6562  0.3438 0.0938 0.1562 0.625 0.3438
2 0.1562 0.4062 0.5 0.5625 0.1875 0.3438 0.5 0.5
3 0.0938 0.2188 0.5312  0.1875 0.0312 0.0625 05312  0.2188
4 0.1562 0.3438  0.4062 0.125 0.0938 0.3125 0.375 0.4062
5 0.0625 0.25 0.375 0.1875 0.0312 0.0625 0.3125 0.1875
6 0.0312 0.2812 0.125 0.125 0.0625 0.1875 0.4375 0.1875
7 0.0938 0.2812 0.2812 0.2188 0 0.25 0.25 0.5625
8 0.0312 0.2812 0.1875 0.1875 0 0.1562  0.1562 0.5
9 0.0312 0.25 0.125 0.125 0.0312 0.1562 0.375 0.2188
10 0 0.0625 0.0938 0.0625 0 0.125 0.3125 0.2812
11 0 0.0625 0.0312 0 0 0 0.0938  0.0625
12 0 0.125 0 0 0 0.0312 0.0312 0.1875
13 0.0312 0.0625 0.375 0.125 0.0312 0.0312 0.2812 0.125
14 0 0.0625 0.3125 0.2188 0 0 0.3125 0.125






