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Abstract

This paper proposes a new tractable approach to solving asset allocation problems in situa-
tions with a large number of risky assets which pose problems for standard approaches. Investor
preferences are assumed to be defined over moments of the wealth distribution such as its mean,
variance, skew and kurtosis. Time-variations in investment opportunities are represented by a
flexible regime switching process. In the context of a four-moment international CAPM specifi-
cation that relates stock returns in five regions to returns on a global market portfolio, we find
evidence of distinct bull and bear states. Ignoring regimes, an unhedged US investor’s optimal
portfolio is strongly diversified internationally. The presence of regimes in the return distribution
leads to a large increase in the investor’s optimal holdings of US stocks as does the introduction
of skew and kurtosis preferences. Our paper therefore offers an explanation of the strong home
bias observed in US investors’ asset allocation based on regime switching and skew and kurtosis

preferences.



1. Introduction

Despite the increased integration of international capital markets, investors continue to hold equity portfolios
that are largely dominated by domestic assets. According to Thomas, Warnock and Wongswan (2004), by
the end of 2003 US investors held only 14% of their equity portfolios in foreign stocks at a time when
such stocks accounted for 54% of the world market capitalization.! This evidence is poorly understood:
Calculations reported by Lewis (1999) suggest that a US investor with mean-variance preferences should
hold upwards of 40% in foreign stocks or, equivalently, only 60% in US stocks.

Potential explanations for the home bias include barriers to international investment and transaction
costs (Black (1990), Stulz (1981)); hedging demand for stocks that have lower correlations with domestic
state variables such as inflation risk or non-traded assets (Adler and Dumas (1983), Serrat (2001)); infor-
mation asymmetries and higher estimation uncertainty for foreign than domestic stocks (Gehrig (1993),
Brennan and Cao (1997)) and political /country risk (Erb et al. (1996)).2

As pointed out by Lewis (1999) and Karolyi and Stulz (2002), the first of these explanations is weakened
by the fact that barriers to international investment have come down significantly over the last thirty years
and by the large size of gross investment flows. Yet there is little evidence that US investors’ holdings of
foreign stocks have been increasing over the last decade where this share has fluctuated around 10-15%.
The second explanation is weakened by the magnitude by which foreign stocks should be correlated more
strongly with domestic risk factors as compared with domestic stocks. In fact, correlations with deviations
from purchasing power parity can exacerbate the home bias puzzle (Cooper and Kaplanis (1994)) as can
the strong positive correlation between domestic stock returns and returns on human capital (Baxter and
Jermann (1997)). It is also not clear that estimation uncertainty provides a good explanation.® Finally,
political risk seems to apply more to emerging and developing financial markets and is a less obvious
explanation of investors’ limited diversification among stable developed economies. Observations such as
these lead Lewis (1999, p. 589) to conclude that “T'wo decades of research on equity home bias have yet to
provide a definitive answer as to why domestic investors do not invest more heavily in foreign assets.”

This paper proposes a new explanation for the home bias. We modify the standard international CAPM
(ICAPM) specification that assumes mean-variance preferences over a time-invariant distribution of local
stock returns in two ways. First, we allow investor preferences to depend not only on the first two moments
of returns but also on third and fourth moments such as skew and kurtosis. This turns out to be important
because the co-skew and co-kurtosis properties of US stocks with the world market portfolio make these
stocks attractive to domestic investors. Our approach follows recent papers such as Harvey and Siddique
(2000), Dittmar (2002) and Harvey, Liechty, Liechty and Muller (2004) that emphasize the need to consider
moments beyond the mean and variance in portfolio choice and asset pricing applications.

Second, we model local stock returns in the context of a four-moment ICAPM with regimes that track

!Similar home biases are present in other countries, see French and Poterba (1991) and Tesar and Werner (1994).

?Behavioral explanations (e.g. ‘patriotism’ or a generic preference for ‘familiarity’) have been proposed by Coval and
Moskowitz (1999) and Morse and Shive (2003). Uppal and Wang (2003) provide theoretical foundations based on ambiguity
aversion. Other papers have explored the effects of heterogeneity in the quality of corporate governance (investor protection)

on international portfolio diversification, e.g. Dahlquist et al. (2004).
3When investors have strong beliefs that the world ex-US portfolio has a zero alpha, Pastor (2000) finds that US investors’

home bias can be explained in a CAPM context where the US domestic market is the benchmark portfolio and the world ex-US
portfolio is an additional asset. However, in the more common setting used in international finance where the world portfolio

is the benchmark, the smallest allocation to non-US stocks generated in his model is 30 percent.



time-variations in the volatility, skew and kurtosis of the world market portfolio. In addition, we allow the
world price of covariance, co-skew and co-kurtosis risk to vary across regimes. Empirical evidence suggests
that returns on stocks and other financial assets can be captured by this class of models.* The regime
switching model accurately approximates the return distribution and captures volatility clustering, return
correlations that strengthen in down markets, outliers that occur simultaneously in several markets, fat
tails and skewness. We find evidence of two regimes in the joint distribution of international stock returns:
A bear state with high volatility and low mean returns and a bull state with high mean returns and low
volatility. Variations in the skew and kurtosis of the world market portfolio are also linked to uncertainty
induced by regime switches. The uncertainty surrounding a switch from a bull to a bear state takes the
form of an increased probability of large negative returns (high kurtosis and large negative skew). When
exiting from the bear state to the bull state, the kurtosis again goes up—reflecting the increased uncertainty
associated with a regime shift—while the volatility and skew decline to their normal levels.

Both modifications of the standard model are needed to explain the home country bias. Regimes in
the distribution of international equity returns generate skew and kurtosis and therefore affect the asset
allocation of a mean-variance investor differently from that of an investor whose objectives depend on
higher moments of returns. This is significant since the single state model is severely misspecified and fails
to capture basic features of international stock market returns.

Our sample estimates suggest that a US mean-variance investor with access to the US, UK, European,
Japanese and Pacific stock markets should hold only 30 percent in domestic stocks. The presence of bull
and bear states raises this investor’s weight on US stocks to 50 percent. Introducing both skew and kurtosis
preferences and bull and bear states further increases the weight on US stocks to 70 percent of the equity
portfolio.

Accounting for a relatively large set of risky assets as we do in our analysis creates problems for standard
techniques. An additional contribution of our paper is therefore to propose a new tractable approach to
optimal asset allocation that is both convenient to use and offers new insights into asset allocation problems
in the presence of regime switching. When coupled with a utility specification that incorporates skew and
kurtosis preferences, the otherwise complicated numerical problem of optimal asset allocation is reduced to
that of solving for the roots of a low-order polynomial. The ability of our approach to solve the portfolio
selection problem in the presence of multiple risky assets is important since gains from international asset
allocation can be quite sensitive to the number of included assets.’

Four papers are closely related to ours. Ang and Bekaert (2002) consider bivariate and trivariate regime
switching models that capture asymmetric correlations in volatile and stable markets and characterize a US
investor’s optimal asset allocation under power utility. Our analysis extends Ang and Bekaert’s to include
a wider set of stock markets and employs a moment-based utility specification that offers advantages both
computationally and in terms of the economic intuition for how results change relative to the case with
mean-variance preferences. Furthermore, we work with a model that has a straightforward interpretation

as a time-varying version of the ICAPM in which the types (co-skewness and co-kurtosis in addition to

“See, e.g., Ang and Bekaert (2002), Ang and Chen (2002), Bekaert and Harvey (1995), Engel and Hamilton (1990), Guidolin

and Timmermann (2006), Gray (1996), Perez-Quiros and Timmermann (2000) and Whitelaw (2001).
®For example, using all-equity portfolios and power utility with a coefficient of risk aversion of five, Ang and Bekaert (2002)

find that the null of no international diversification cannot be rejected for a US investor who also considers UK stocks. However,

this hypothesis is strongly rejected when the US investor has access to both UK and German stocks.



covariance risk), quantities and prices of risk are allowed to depend on an underlying state variable that has
an intuitive interpretation in terms of bull and bear states in international equity markets.

Harvey, Liechty, Liechty and Muller (2004) propose a Bayesian framework for portfolio choice based on
(second and third-order) Taylor expansions of an underlying expected utility function. They assume that
the distribution of asset returns is a multivariate skewed normal. In their application to an international
diversification problem, they find that under third-moment preferences, roughly 50 percent of the equity
portfolio should be invested in US stocks. A different but related approach is proposed by Das and Uppal
(2004) who use a multivariate jump-diffusion model in which jumps affect several markets simultaneously.
This captures the stylized fact that large declines occur simultaneously across international stock markets.
Correlated jumps provide an alternative to capturing the existence of (unconditional) skew and fat tails in
the empirical distribution of asset returns. In fact, Das and Uppal find that under levels of (relative) risk
aversion similar to the ones employed in our paper, it can be optimal to limit the extent of international
portfolio diversification. While our model shares some intuition with this approach, the bull and bear states
identified by our regime switching model are quite different and do not identify isolated outliers or jumps.5

Dittmar (2002) investigates the asset pricing implications of a single-state four-moment CAPM and
finds that it offers considerable explanatory power for the cross-section of US stock returns. The resulting
pricing kernel is a polynomial function in aggregate wealth. Like Dittmar’s, our approach approximates the
unknown marginal utility function by means of a Taylor series expansion of the utility function. However,
differently from Dittmar, we allow the quantity and price of risk to follow a regime switching process and
explore the international portfolio choice implications of the model.

The plan of the paper is as follows. Section 2 describes the return process in the context of an ICAPM
extended to account for higher order moments, time-varying returns and regime switching and reports
empirical results for this model. Section 3 sets up the optimal asset allocation problem for an investor with
a polynomial utility function over terminal wealth when asset returns follow a regime switching process.
Section 4 describes the solution to the optimal asset allocation problem, while Section 5 reports extensions

and robustness checks. Section 6 concludes. Appendices provide technical details.

2. A Four-Moment ICAPM with Regime Switching in Asset Returns

Our assumptions about the return process build on extensive work in asset pricing based on the no-arbitrage

stochastic discount factor model for (gross) returns on an arbitrary asset (7) Ré R
B[R, ymi|F] =1 i=1,.. h (1)

Here E[.|F] is the conditional expectation given information available at time ¢, 7, and my41 is the investor’s
intertemporal marginal rate of substitution between current and future consumption or—under restrictions
established by Brown and Gibbons (1985)—current and future wealth.

The two-moment CAPM follows from this equation when the pricing kernel, m;4 1, is linear in the returns
on an aggregate wealth portfolio. Harvey (1991) shows that when countries are viewed as equity portfolios

in a globally integrated market, differences across country portfolios’ expected returns should be driven by

50ther papers have considered international asset pricing models under regime switching (Bekaert and Harvey (1995)) and

the effects of non-normalities and higher order moments on international portfolio choice (Bekaert et al. (1998)).



Following common practice, we consider returns from the perspective of an unhedged US investor and
examine excess returns in US dollars on Morgan Stanley Capital International (MSCI) indices.” The risk-
free rate is measured by the 30-day US T-bill rate provided by the Center for Research in Security Prices.
Our data are monthly and cover the sample period 1975:01 - 2005:12, a total of 372 observations. Returns
are continuously compounded and adjusted for dividends and other non-cash payments to shareholders. A
number of studies have documented the leading role of US monetary policy and the US interest rate as a
predictor of returns across international equity markets.'9 Consistent with the analysis in Ang and Bekaert
(2002), we therefore include the short US T-bill rate as a predictor variable. Again our framework allows
more variables to be included at the cost of having to estimate more parameters.

Table 1 reports summary statistics for the international stock returns, the world market portfolio and
the US T-bill rate. Mean returns are positive and lie in a range between 0.37 and 0.75 percent per month.
Return volatilities vary from four to seven percent per month. Comparing the performance across stock
markets, US stock returns are characterized by a fairly high mean and low volatility. Returns in all but one
market (Japan) are strongly non-normal with skews and fat tails as also found by Harvey and Zhou (1993)
and Das and Uppal (2004). The strong rejection of normality suggests that a flexible model is required
to accommodate skews and fat tails in the return distribution. While the short US interest rate is highly
persistent, there is little evidence of serial correlation in excess stock returns. However, many of the excess

return series display strong evidence of time-varying volatility.

2.4. Empirical Results

As a benchmark Panel A of Table 2 reports parameter estimates for the standard single-state two-moment
CAPM (7). Alphas are positive in five regions and economically large but imprecisely estimated and statis-
tically insignificant. Our model’s failure to capture returns in Japan is consistent with the strong rejections
for Japan in the two-moment CAPM tests reported in Harvey (1991) and is perhaps to be expected in view
of the gradual liberalization of financial markets in Japan during the 1980s and the analysis in Bekaert and
Harvey (1995). The negative coefficients on the lagged T-bill rate are also consistent with the literature. At
5.3, the estimated world price of covariance risk, v;, is positive and significant as expected.

Next consider the model with two states, estimates of which are shown in Panel B of Table 2. In the first
state the regression coefficients on the lagged T-bill rate were found to be insignificant for all stock markets
and hence we impose that these coefficients are zero. In the second state the coefficients on the T-bill rate
are large and negative and most are significant. Notice also that short-term rates are more persistent and
volatile in the bear state, so clearly short-term rates help to identify the state.

Alpha estimates are negative in state 1 but positive in state 2 for all portfolios. The alphas in the two
states may appear to be quite large in economic terms.'! However, as they measure returns conditional on
being in a particular state and the state is never known in advance, they are not directly comparable to
the corresponding estimates from the single state model. To account for this, we simulated 50,000 returns

from the two-state model over a 12-month horizon, allowing for regime shifts and uncertainty about future

9This is consistent with other authors’ finding that US investors predominantly hold large and liquid foreign stocks such as

those that dominate the MSCI indices (Thomas, Warnock and Wongswan (2004)).
19Gee Obstfeld and Rogoff (1995) for the micro foundations of such models and Kim (2001) for empirical evidence.
"Eurthermore, the alphas in the two states are sufficiently precisely estimated that the hypothesis that they are equal to zero

is very strongly rejected by a likelihood ratio test.



states. Measured this way, the 12-month alphas starting from the first and second states are 0.06 and 0.70
for the US, while those for Japan are -0.45 and 0.86. The world portfolio generates alphas of -0.13 and
0.70, starting from the first and second state, respectively. Hence, although the individual state alphas
appear to be quite large conditional on knowing the true state, in many regards they imply weaker evidence
of mispricing than the single-state model which assumes that non-zero alphas are constant and constitute
evidence of permanent model misspecification or mispricing.

Volatility is highest in the first state for five of the equity portfolios, the one exception being the UK.!2
Note that to reduce the number of parameters, the model reported in Table 2 assumes that the correlations
between country-specific innovations is the same in the two states.'®> However, as we shall see below, this
does not imply that the correlations between country returns (Cor(x! 115 xi +1)) are the same in the two states
since state-dependence in both the alphas and in the bgtH and bg‘;l coeflicients generate time-variations in
return correlations.

The persistence of the first state (0.90) is considerably lower than that of the second state (0.94) and so
the average duration of the first state (ten months) is far shorter than that of the second one (20 months).
In steady state one-third and two-thirds of the time is spent in the states one and two, respectively. These
findings show that neither of the states identifies isolated ‘outliers’ or jumps—a feature distinguishing our
model from that proposed by Das and Uppal (2004).

The economic interpretation suggested by these findings is that state one is a bear state with low mean
returns and relatively high volatility, while state two is a bull state with higher mean returns and more
modest volatility. Figure 1 shows that the two states are generally well identified with state probabilities
near zero or one most of the time. Returns were associated with the bear state during a three-year period
between 1979 and 1982 and again during shorter spells in 1984, 1987, 1990/1991 and 2002. These periods
coincide with global recessions (the early 1980s, 1990s and 2002 recessions) and occasions with high return
volatility such as October 1987.

Figure 2 plots the time series of expected returns for the stock portfolios in excess of the US T-bill rate.
Periods where the bear state is most likely are shown as gray areas. Clearly the bear state is associated
with systematically lower mean excess returns across all markets (in addition to higher volatility, see Table
2). Mean excess returns are always positive for the US portfolio and it is very rare that the expected excess
return is negative for any of the other markets.

Figure 3 shows that consistent with previous studies (Ang and Bekaert (2002), Longin and Solnik (1995,
2001) and Karolyi and Stulz (1999)), return correlations are higher in the bear state than in the full sample.
Pairwise correlations between US stock returns and returns in Japan, Pacific ex-Japan, UK and Europe in
the bear (bull) states are 0.39 (0.27), 0.65 (0.47), 0.67 (0.48) and 0.59 (0.45) and are thus systematically
higher in the bear state. This happens despite the fact that correlations between return innovations are
identical in the two states. In part this is due to the higher volatility of the common world market return
in the bear state. Furthermore, since mean returns are different in the two states, return correlations also
depend on the extent of the co-variation between these parameters.

Turning to the risk premia, the premium on covariance with returns on the world market portfolio ()

12The finding for the UK is due to two outliers in January and February of 1975 with monthly excess returns of 44 and 23
percent. If excluded from the data, the volatilility in the first state is highest also for the UK.
13This restriction is supported by the data: a likelihood ratio test of the restriction that correlations do not depend on the

state, i.e. Cov(ni,,,nl 1) = C’or(niﬂ,nfﬂ)aistﬂagt“, produces a p-value of 0.11 and is not rejected.
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is positive in both states but, at 15.9, is much higher in the bull state than in the bear state for which an
estimate of 9.5 is obtained. The number reported by Harvey (1991) for the subset of G7 countries is 11.5
and hence lies between these two values. Consistent with the large difference between the covariance risk
premium in the bull and bear state, Harvey rejects that the world price of risk is constant.

A similar conclusion holds for the co-kurtosis premium (y5) which is positive and insignificant in the
bear state but positive and significant in the bull state. The estimates of 5 can be compared to the price of
covariance risk, v,, by scaling them by the ratio of the world market kurtosis to its variance so the units are
the same. This yields a co-kurtosis risk premium of 1.7 and 12.3 in the bear and bull state, respectively, and
a steady state average of 8.7. As expected, the co-skew premium (75) is negative in both states although it
is only significant (and by far largest) in the bull state. When converted to the same units as the covariance
risk premium, the estimates are -1.1 and -3.1 in the bear and bull state, respectively, while the steady state
average is -2.4.

We conclude from this analysis that all coefficients have the expected sign and are economically mean-
ingful: Investors dislike risk in the form of higher volatility or fatter tails but like positively skewed return
distributions. Furthermore, both the co-skew and co-kurtosis risk premia appear to be important in economic
terms as they are of the same order of magnitude as the covariance risk premium.

A final way to interpret the two states is through the time-variation in the conditional moments of the
world market portfolio. To this end, Figure 4 shows the volatility, skew and kurtosis implied by our model
estimates, computed using (10). Large changes in the conditional skew and kurtosis turn out to be linked to
regime switches. Preceding a shift to the bear state, the kurtosis of the world market portfolio rises while its
skew becomes large and negative and volatility is low. Uncertainty surrounding shifts from a bull to a bear
state therefore takes the form of an increased probability of large negative returns. Once in the bear state,
the kurtosis gets very low and the skew close to zero, while world market volatility is much higher than
normal. Hence the return distribution within the bear state is more dispersed, although closer to symmetric.
Finally, when exiting from the bear state to the bull state, the kurtosis again rises—reflecting the increased
uncertainty associated with a regime shift—while volatility and skew decline to their normal levels. These
large variations in the volatility, skew and kurtosis of world market returns means that our model is able to
capture the correlated extremes across local markets found to be an important feature of stock returns in
Harvey et al. (2004).

2.4.1. Are Two States Needed?

A question that naturally arises in the empirical analysis is whether regimes are really present in the distri-
bution of international stock market returns. To answer this we computed the specification test suggested
by Davies (1977), which very strongly rejected the single-state specification. A more extensive analysis of
the number of regimes confirmed the presence of two states in the joint return distribution.
Furthermore, to see whether the two-state model does a better job at accounting for the characteristics
of returns on the international stock market portfolios, Table 3 reports a set of specification tests for the
standardized residuals from the single state and two-state models. Such diagnostics are similar to the ones

reported for the international CAPM regression residuals by Harvey and Zhou (1993). Like them, we find

14Regime switching models have parameters that are unidentified under the null hypothesis of a single state. Standard critical

values are therefore invalid in the hypothesis test. Details of the analysis are available on request.
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that, with the exception of Japan, the single-state model is strongly rejected and fails to capture even the
most basic properties of the international returns data. In contrast, the two-state model performs far better
and is either not rejected for most of the portfolios or reduce the diagnostic test statistics very considerably.

Hence the evidence of misspecification is far weaker for the two-state model.!®

3. The Investor’s Asset Allocation Problem

We next turn to the investor’s asset allocation problem. Consistent with the analysis in the previous section,
we assume that investor preferences depend on higher order moments of asset returns and allow regimes to

be present in the return process.

3.1. Preferences over Moments of the Wealth Distribution

Suppose that the investor’s utility function U(Wpy7; @) only depends on wealth at time t + 7', Wy 7, and a
set of shape parameters, 8, where t is the current time and 7T is the investment horizon. Consider an m-th
order Taylor series expansion of U around some wealth level vr:

m

UWerri0) =~

n!

U (07;0) Werr —vr)" + i, (12)
n=0

where the remainder <, is of order o((Wyyr — v7)™) and U© (vp; 0) = U(vp; 0). U™(.) denotes the n—th

derivative of the utility function with respect to terminal wealth. Provided that (i) the Taylor series con-

verges; (ii) the distribution of wealth is uniquely determined by its moments; and (iii) the order of sums

and integrals can be exchanged, the expansion in (12) extends to the expected utility functional:

m

BUWer:0) = Y- U (vr: ) B{(Werr — vr)") + B,

n=0

where Fy[.] is short for E[.|F;]. We thus have

EA[U(Wist3 0)] ~ E[U™ (Wisr; 6)] = %U(”)(UT; 0)Ei[(Wipr —vr)"]. (13)

n=0
While the approximation improves as m gets larger, many classes of Von-Neumann Morgenstern expected

utility functions can be well approximated using a relatively small value of m and a function of the form:

EU™(Wesr; 0)] = Y wnEi[(Werr — vr)"], (14)

n=0

with ko > 0, and &, positive (negative) if n is odd (even).

3.2. Solution to the Asset Allocation Problem

We next characterize the solution to the investor’s asset allocation problem when preferences are defined

over moments of terminal wealth while, consistent with the analysis in Section 2, returns follow a regime

5We also tested our model against a “pure” regime switching four-moment ICAPM which corresponds to (7) with o =
a"' = 0 so only the risk premia and the amount of risk differ across states. A likelihood-ratio test of these restrictions produced

a p-value of essentially zero.
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switching process. Following most papers on portfolio choice (e.g., Ang and Bekaert (2002) and Das and
Uppal (2004)), we assume a partial equilibrium framework that treats returns as exogenous.
The investor maximizes expected utility by choosing among h risky assets whose continuously com-

pounded excess returns are given by the vector x{ = (z} 27 ... ). Portfolio weights are collected in the

vector w} = (wi w? ... W) while (1 —wiey) is invested in a short-term interest-bearing bond. The portfolio

selection problem solved by a buy-and-hold investor with unit initial wealth then becomes
max B [U(Werr(wr); 0)]

st. Wigr(we) = {(1 — wity) exp (RSLFT) + wj exp (Rf+T)} , (15)

where Rf 7 = (x5, +7001) + (X{g +7000) + .. + (x50 + 70, 1) is the vector of continuously compounded
equity returns over the T'—period investment horizon while ng L = ri’ 1 —i—ri’ ot —i—rf ' 18 the continuously
compounded return on the bond investment. Accordingly, exp(Rj7, ;) is a vector of cumulated returns.
Short-selling can be imposed through the constraint w} € [0,1] for i = 1,2, ..., h.

To gain intuition we first study the problem under the simplifying assumption of a single risky asset

h = 1), a risk-free asset paying a constant return r¢ and a regime switching process with two states:
f

Ttr1 = PG, T OS.1Et+1, €41~ N(0,1),
Pr(St+1 = Z|St = Z) = Dii, 1= 1,2 (16)

This specification is consistent with the ICAPM analysis in section 2 since the conditional moment infor-
mation from (5) can be folded into {yg,,,0s,,,} as described in Section 2.

With a single risky asset (stocks) and initial wealth set at unity, the wealth process is
Wirr = {(1 —w¢) exp (Try) + wiexp (Riyr) } (17)

where R; 7 is the continuously compounded stock return over the 7" periods and wy is the stock holding.
For a given value of wy, the only unknown component in (17) is the cumulated return, exp(R; 7). Under

the assumption of two states, k = 2, the nth non-central moment of the cumulated returns is given by

wr = Ellexp(rir 4 . +reer)” | F

2
= Y Elexp(ripr + - +7647)" [Serr, Fil Pr(Syr| Fr) (18)

Sgrr=1

_ (n) (n)
= My ip+ My g,
where 7; = x4 + ry . Using properties of the moment generating function of a log-normal random variable,

(n)

each of these conditional moments M;,/; (i = 1,2) satisfies recursions
M{)r = Elesp(n(rics + .+ rier-1))|Sesr] Blexp(nrer)| Syr, B Pr(Sir| Fi)
n n n? .
= <M¢(t+)T71Pii + Mgi,)tJrT—l(l - p—i—z‘)) exp <”M¢ + 70?> , (1=1,2)

where we used the notation —¢ for the converse of state i, i.e. —¢ = 2 when ¢ = 1 and vice versa. In more

compact notation we have

MG = MM+ s M
My = eSImY S My, (19)
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where

5&”) = P11 €xp (n,ul + n—;ﬁ) ; Bgn) = (1 — p22) exp <7W1 + n_;U%> ,
é.gn) = (1 — pll) exp <’I’L/JQ + %20'%> 5 Bg’ﬂ) = P22 €XP <n/“L2 + n_220-5> :

Equation (19) can be reduced to a set of second order difference equations:
MYy = (6" + B ME) + (678 — 7 al)MY . (=12, (20)

Collecting the two regime-dependent moments in the vector 192:)_T = (M Z(QT Mz-(QT_I)’ , equation (20) can

be written in companion form:

9

_ = A g
it+T 1 0 1

4T — it+T—1°

& + 850 &ra - pe ] 90
The elements of A (™ only depend on the mean and variance parameters of the two states (p;, 0%, Lo, a%)
and the state transitions, (p11, pa2). Substituting backwards, we get the ith conditional moment:

T
’9521“ = (A(n)> "95? )

Applying similar principles at 7' = 1,2 and letting 71; = Pr(S; = 1|F;), the initial conditions used in

determining the nth moment of cumulated returns are as follows:

2
n
M1(:L+)1 = (mup11 + (1 —7m1)(1 — pa2)) exp <nM1 + 70%) 7
My = pun (e + (1= ) (1 = ) exp (g + ) +

n2
H0 = pa) (e~ )+ (1= m)pm)oxp (nlp + ) + (02 403 )

n2
M2(;l—&)—1 = (mu(1 —pu1) + (1 — m1)p22) exp (nMQ + 7U%> )
MQ(::)-Q = poo (m1e(1 — p11) + (1 — m1)pa2) exp (2npy + n’03) +
2
n
1= p) (o + (= m) (1 = p))exp (o -+1) + 0+ 09) . (2)

Finally, using (18) we get an equation for the nth moment of the cumulated return:

Mt(+2r’ = Ml(t—f)—T + MQ(t-})—T = ell’ﬂgt—)i-T + eIQﬁgt—)i-T = ell (A(n)) ﬁgt) + e’2 (A(n)) ﬁgt)v (22)

where e; is a 2 x 1 vector of zeros except for unity in the ith place.
Having obtained the moments of the cumulated return process, it is simple to compute the expected

utility for any mth order polynomial representation by using (14) and (17):

EJU™Wiyr;0)] = Zlin Z(—l)"jvg_]< >Et[Wt+T]

n=0  j=0
- gnng—n”jv;‘j(?); (7)sittivr (- wiem @y~ (29
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The first order condition is obtained by differentiating this equation with respect to wy :

éﬂng—w"%‘j@)i (‘7) FH = w) T M pexp (( = )Try) (i — jwr) = 0.

J =1

The solution takes the form of the roots of an m — 1 order polynomial in wy, which are easily obtained. The
optimal solution for w; corresponds to the root for which (23) has the highest value.

From this analysis it is clear that the optimal asset allocation depends on the following factors:

1. The current state probabilities (7, 1 — ;) which determine the moments of future returns.

2. State transition probabilities (p11,p22) which affect the speed of mean reversion in the investment

opportunity set towards its steady state.

3. Differences between mean parameters (i, i5) and variance parameters (o1,02) (and more generally
covariance parameters) across states. For example, skew in the return distribution can only be induced

provided that p; # pg, c.f. Timmermann (2000).

4. The number of moments of the wealth distribution that matters for preferences, m, in addition to the

weights on the various moments.

5. The investment horizon, T.

3.3. General Results

In many applications ry;1 is a vector of returns on a multi-asset portfolio. The number of states, k, may

also exceed two. For generality, we assume the following process for a vector of h + 1 excess returns:
P
Xt+1 = i:"SHl + Z B]}St+1xt—j + €141, (24)
=1

where fig, , = (Nit+1> ey ui};ll)’ is a vector of conditional means in state S;y; (possibly used to “fold in” all

components of the mean in state Siy1), Bjs,,, is a matrix of autoregressive coefficients associated with the
jth lag in state S;11, and €441 = (5%“, - E?frfll)’ ~ N(0,9sg,.,) is a vector of zero-mean return innovations
with state-dependent covariance matrix {2g,, ;.

With h + 1 risky assets (the last of which can be taken to represent the risky returns on a short-term

bond, 2¢,, = r?, ;) and k states, the wealth process becomes

T

Wiir = wj exp [Z(XtJri +144)
=1

T
+ (1 — witp) exp [Z rth] :

i=1

We next present a simple and convenient recursive procedure for evaluating the expected utility associated

with a vector of portfolio weights, wy, of relatively high dimension:

5 This equation is more convenient than (5) but is fully consistent with the earlier setup if the last elements of the return
vector, ryy1, are used to capture the predictor variables z;41 (themselves asset returns). Furthermore, the four-moment ICAPM

factors are easily folded into the intercept by defining fig, = pg,, , +Ms, vec(Xs, ).

15



Proposition 1. Under the regime-switching return process (24) and m—moment preferences (14), the

expected utility associated with the portfolio weights w; is given by

BU™ (Wepr)] = ZHnZ(— ) W OB W )

- znnz g (") 3™ (7)ot (8510 ] (Ctn) e

J 1=0

The nth moment of the cumulated return on the risky asset portfolio is

E, [(wgexp (R§+T))”] — Z Z A(n1,n2,...,np (Hw”’) t+T (n1,...,np),

n1=0 np=0
where Z?:l ni=mn,0<n;<n(i=1,..h),

n!
)\(nl,ng,...,nh) = o
niyngi ... Np:

and Mt(+)T

(n1,...,np) can be evaluated recursively, using (A4) in the Appendiz.

Appendix A proves this result. The solution is in closed-form in the sense that it reduces the expected
utility calculation to a finite number of steps each of which can be solved by elementary operations.

It is useful to compare our method to existing alternatives. Classic results on optimal asset allocation
have been derived for special cases such as power utility with constant investment opportunities or under
logarithmic utility (Merton (1969) and Samuelson (1969)). For general preferences there is no closed-
form solution to (15), but given its economic importance it is not surprising that a variety of solution
approaches have been suggested. Recent papers that solve (15) under predictability of returns include Ang
and Bekaert (2002), Brandt (1999), Brennan, Schwarz and Lagnado (1997), Campbell and Viceira (1999,
2001). These papers generally use approximate solutions or numerical techniques such as quadrature (Ang
and Bekaert (2002)) or Monte Carlo simulations (Detemple, Garcia and Rindisbacher (2003)) to characterize
optimal portfolio weights. Quadrature methods may not be very precise when the underlying asset return
distributions are strongly non-normal. They also have the problem that the number of quadrature points
increases exponentially with the number of assets. Monte Carlo methods can also be computationally
expensive to use as they rely on discretization of the state space and use grid methods.'” Although existing
methods have clearly yielded important insights into the solution of (15), they are therefore not particularly

well-suited to our analysis of international asset allocation which involves a large number of portfolios.

4. International Portfolio Holdings

We next consider empirically the optimal international asset allocation under regime switching and four-
moment preferences. The weights on the first four moments of the wealth distribution are determined to

ensure that our results can be compared to those in the existing literature. Most studies on optimal asset

"In continuous time, closed-form solutions can be obtained under less severe restrictions. For instance Kim and Omberg
(1996) work with preferences in the HARA class defined over final wealth and assume that the single risky asset return is

mean-reverting.
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allocation use power utility so we calibrate our coefficients to the benchmark

W
U(Wyyr;0) = —=FL 0> 0. (25)

For a given coefficient of relative risk aversion, 6, (25) serves as a guide in setting values of {k,}/ in (14)
but should otherwise not be viewed as an attempt to approximate results under power utility. Expanding
the powers of (W11 —vr) and taking expectations, we obtain the following expression for the four-moment

preference function:

EU*(Wigr; 0)] = ko,0(0) +51,0(0) B [Wigr] + k2.0 (0) B [WE 7] + 13,0 (0) B [Wi 7] + 4,1 (0) B [W 7], (26)

where!®
1-6 -1 1 1 1
kor(0) = o0 |1 =6 —1— 26— —=0(0+1) — —0(0+1)(0 +2)
’ 2 6 24
1
k1r(f) = gvge 6+ 660 +30(0+ 1) +60(0 + 1)(0 +2)] >0
1 _
Kor(0) = _ZeuT“*") 2+20+1)+ (0+1)(0+2)] <0
1 _
rar(0) = 2000+ 1)(0+ 3w > 0
1 _
kar(0) = —ﬁH(H +1)(0+ 2)vT(3+9) < 0.

Expected utility from final wealth increases in Fy[Wiir] and E[W2

more right-skewed distributions lead to higher expected utility. Conversely, expected utility is a decreasing

|, so higher expected returns and

function of the second and fourth moments of the terminal wealth distribution. Our benchmark results
assume that 8 = 2, a coefficient of relative risk aversion compatible with much empirical evidence. Later we
allow this coefficient to assume different values.'®

A solution to the optimal asset allocation problem can now easily be found from Proposition 1 by solving
a system of cubic equations in @; derived from the first order conditions

Vo BU (Wisrs 0)]| =0
t

At the optimum &; sets the gradient, Vo, E:[U*(Wii7;0)] equal to zero and produces a negative definite
Hessian matrix, Hey, E[U(Wigr;0)].

4.1. Empirical Results

As a benchmark, Table 4 reports equity allocations for the single-state model using a short 1-month and a
longer 24-month horizon. Our empirical analysis considers returns on five equity portfolios and the world

market. To arrive at total portfolio weights we therefore re-allocate the weight assigned to the world market

8The notation k, r makes it explicit that the coefficients of the fourth order Taylor expansion depend on the investment
horizon through the coefficient vy, the point around which the approximation is calculated. We follow standard practice and
set vr = Ey[Wisr—1].

9Based on the evidence in Ang and Bekaert (2002)—who show that the optimal home bias is an increasing function of the
coefficient of relative risk aversion—this is also a conservative choice that allows us to examine the effects on the optimal portfolio

choice produced by preferences that account for higher order moments.
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using the regional market capitalizations as weights.?? Since we are interested in the home bias, we report
equity weights as percentages of the total equity portfolio so they sum to unity. The allocation to the
risk-free asset (as a percentage of the total portfolio) is also shown for interest rates that vary by up to two
standard deviations from the mean. When the T-bill rate is set at its sample mean of 5.9% per annum, at
the one-month horizon only 31% of the equity portfolio is invested in US stocks. Slightly less (29%) gets
invested in US stocks at the 24-month horizon. Furthermore, the fraction of the equity portfolio allocated
to US stocks remains too low in both low and high interest rate environments. These results support earlier
findings under mean-variance preferences (e.g. Lewis (1999)) and also show that the home bias puzzle
extends to a setting with return predictability from the short T-bill rate.

Turning to the two-state model, Table 4 shows that the allocation to US stocks is much higher in the
presence of regimes. This holds both when starting from the steady-state probabilities—i.e. when the
investor has very imprecise information about the current state—as well as in the separate bull and bear
states. Under steady state probabilities and an average short-term US interest rate the 1-month allocation
to US stocks is 70% of the total equity portfolio. This reflects an allocation of 75% in the bear state and a
slightly lower allocation of 60% in the bull state. Moreover, this finding is robust to the level of the short US
interest rate. Varying this rate predominantly affects the allocation to the risk-free asset versus the overall

equity portfolio but has little affect on the regional composition of the equity portfolio.?!

4.2. Effect of Higher Moments

Compared with the benchmark model, our four-moment regime switching model appears capable of sig-
nificantly increasing the allocation to US stocks but leaves unanswered what accounts for this effect. An
economic understanding of the effect of skew and kurtosis on the optimal asset allocation requires studying
the co-skew and co-kurtosis properties at the portfolio level. To this end, define the conditional co-skew of

the return on stock 7 with the world market as:

COUW;W ($K1)2|ft, St
{(Varla), | F, S)(Var[z) | F, Si])2 /2

Si7w<f;§, St) = (27)
The co-skew is normalized by scaling by the appropriate powers of the volatility of the respective portfolios.
A security that has negative co-skew with the market portfolio pays low (high) returns when the world
market portfolio becomes highly (less) volatile. To a risk averse investor this is an unattractive feature since
global market risk rises in periods with low returns. Conversely, positive co-skew is desirable as it means
higher expected returns during volatile periods.

Similarly, define the co-kurtosis of the excess return on asset ¢ with the world portfolio as

Covlzi,, (x}1)3F, St

KZ‘ f,S = i .
W St) {Varlzi | F, S(Var[zl | F, Si])3}11/2

(28)

Large positive values are undesirable as they mean that local returns are low (high) when world market

returns are largely skewed to the left (right), thus increasing the overall portfolio risk.

20This introduces a very small approximation error as the included stock markets account for only 97% of the world market.
2! Consistent with the findings in Ang and Bekaert (2002), the allocation to the short-term bond is much higher in the bear

state than in the bull state. This happens because equity returns are small and volatile in the bear state, and hence unattractive

to risk averse investors.
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Table 5 reports estimates of these moments in the bull and bear states as well as under steady state
probabilities. The latter gives a measure that is more directly comparable to the full-sample estimates listed
in the final column. Short term interest rates are set at the regime-specific unconditional means. As can
be seen by comparing the values implied by the two-state model to the full sample estimates, the model
generally does a good job at matching the data. Interestingly, with the exception of Japan, in both the bear
state and under steady-state probabilities US stocks have the lowest co-kurtosis and co-skew coefficients
(essentially zero), explaining why domestic stocks are more attractive to US investors than is revealed by
the mean-variance case. Japanese stocks remain unattractive due to their low mean returns over the sample
period.

To address the effect of higher order moments on the asset allocation, we next computed the optimal

portfolio weights as a function of 7" and 7 (the state probability) under mean-variance (m = 2) preferences:
EfU*(Wisr3 0)] = ro.r(0) + knr(0) B[ Wesr] + wa,r(0) B Wi, 1) (29)

where o 7(0) = vi? (=671 —1—36], kir(0) = v’ (14 6) > 0 and ko7 (0) = —%GU;(He) < 0. We

also consider optimal allocations under three-moment preferences

EU3(Wigr: 0)] = kor(0) + k1,0(0) B [Wigr] + ko (0) B (WA 7] + k31 (0) Ee[W}, 7] (30)

where now o 7(0) = v (-6t —1—-360—26(0+1)],r1,0(0) = v [1+6+36(0+1)] >0,r27(0) =
—%HU;(IH)(Q +6) <0 and k3 7(0) = $0(0 + 1)1);(%9) > 0.

Using steady-state probabilities, Table 6 shows that the allocation to US stocks as a portion of the
overall equity portfolio remains just above 50% when going from mean-variance to skewness preferences.
The introduction of two states on its own thus increases the allocation to US stocks from roughly 30% (as
seen in Table 4) to 50%. This allocation rises further to 70% of the equity portfolio when we move to the
case with kurtosis aversion. The steady state results conceal large differences in the separate bull and bear
states. In the bear state, the large increase in the allocation to US stocks due to introducing higher order
moment preferences comes from the skew while the kurtosis plays a similar role in the bull state.

The correlation, co-skew and co-kurtosis between the short interest rate and the stock returns can also
affect asset allocations. At the 1-month horizon, the correlation between the risk-free rate and stock returns
is zero since the risk-free rate is known. Future short-term spot rates are stochastic, however. This matters
to buy-and-hold investors with horizons of T' > 2 months who effectively commit (1 —wjep,) of their portfolio
to roll over investments in T'—bills T'— 1 times at unknown future spot rates. We therefore computed the co-
skew, S; gv(Ft, S¢), and co-kurtosis, K; go(Fy, St), between the individual stock returns and rolling six-month
bond returns assuming steady state probabilities and setting the initial interest rate at its unconditional
mean. US stocks were found to generate the second-highest co-skewness coefficient (-0.06) and the second
lowest co-kurtosis coefficient (4.44). Only Japanese stocks turn out to be preferable to US stocks, although
their conditional mean and variance properties make them undesirable to a US investor. We conclude that
the co-moment properties of US stocks against rolling returns on short US T-bills help to explain the high

demand for these stocks under three- and four-moment preferences.
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5. Interpretation and Robustness of Results

To summarize our results so far, we extended the standard model in two directions: First, by defining
preferences over higher moments such as skew and kurtosis and, second, by allowing for the presence of bull
and bear regimes tracking periods with very different mean, variances, correlations, skew and kurtosis. In
this section we consider the robustness of our results with regard to alternative specifications of investor

preferences, estimation errors and dynamic portfolio choice.

5.1. Preference Specification

We first consider the effect of changing the coefficient of relative risk aversion from § = 2 in the baseline
scenario to values of # = 5 (high) and # = 10 (very high). Ang and Bekaert (2002) and Das and Uppal (2004)
have found that changes in risk aversion have first-order effects on their conclusions on the importance of
either regime shifts or systemic (jump) risks. Table 7 shows the effect of such changes. In general there is
no monotone relation between 6 and the weight on US stocks, although the allocation to US stocks tends
to be greater for 6§ = 10 than for § = 2. Risk aversion has a first order effect on the choice of T-bills versus
stocks but has far less of an effect on the composition of the equity portfolio. Therefore, it does not seem
that our conclusions depend on a particular choice of 6.

To make our results comparable to those reported in the literature which assume power utility, we also
compare results under four-moment preferences to those under constant relative risk aversion (shown in
Table 8). Differences between results computed under power utility and under four-moment preferences
appear to be relatively minor.?? In the bear state the allocation to US stocks is 2-4% lower under power
utility while conversely the allocation to UK stocks tends to be higher. In the more persistent bull state,
results under the four-moment preference specification are similar to those under constant relative risk

aversion.

5.2.  Precision of Portfolio Weights

Mean-variance portfolio weights are known to be highly sensitive to the underlying estimates of mean returns
and covariances. Since such estimates often are imprecisely estimated, this means that the portfolio weights
in turn can be poorly determined, see Britten-Jones (1999). As pointed out by Harvey, Liechty, Liechty
and Muller (2004), this could potentially be even more of a concern in a model with higher moments due
to the difficulty of obtaining precise estimates of moments such as skew and kurtosis.?? In this situation it
becomes important to jointly consider the effect of higher moments and parameter uncertainty.

To address this concern, we computed standard error bands for the portfolio weights under the single

state and two-state models using that, in large samples, the distribution of the parameter estimates from a

22 A problem associated with using low-order polynomial utility functionals is the difficulty of imposing restrictions on the
derivatives (with respect to the moments of wealth) that apply globally. For example, nonsatiation cannot be imposed by
restricting a quadratic polynomial to be monotone increasing and risk aversion cannot be imposed by restricting a cubic
polynomial to be globally concave (see Post and Levy (2005) and Post, van Vliet and Levy (2005)). This is why it is important
to check through the comparison with power utility that our findings on the optimal portfolio weights are not driven by

unreasonable behavior of the utility function.
?3See also the discussion of “Omega” in Cascon, Keating and Shadwick (2003) which is used to capture sample information

beyond point estimates through the cumulative density function of returns.
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regime switching model is

VT (5 - 0) ~ N(0, V).

This allows us to set up the following simulation experiment. In the ¢th simulation we draw a vector of
parameters, 0 , from N (0 T 1V9) where Vy i is a consistent estimator of Vy. Using this draw, 0 , we solve
for the associated vector of portfolio weights & We repeat this process () times. Confidence intervals for
the optimal asset allocation @ can then be derived from the distribution of @q, qg=1,2,...,Q. This approach
is computationally intensive, as (15) must be solved repeatedly, so we set the number of bootstrap trials to
Q = 2,000.

Results are reported in Table 9. Unsurprisingly, and consistent with the analysis in Britten Jones (1999),
the standard error bands are quite wide for the single state model. For example, at the 1-month horizon the
90% confidence band for the weight on the US market in the equity portfolio goes from 2% to 38%—a width
of 36%. The width of the confidence bands is roughly similar at the 24-month horizon. For comparison,
the width of the US weight in the two-state model under steady state probabilities only extends from 64%
to 73%, a width of less than 10%. Even at longer investment horizons, the confidence bands remain quite
narrow (e.g. from 50% to 69% under steady state probabilities when 7" = 24 months). In fact, the standard
error bands for the portfolio weights are generally narrower under the two-state model than under the single-
state model. This suggests that the finding that a large part of the home bias can be explained by the US
stock market portfolio’s co-skew and co-kurtosis properties in bull and bear states is fairly robust.

There are several reasons for these findings. First, the fact that the portfolio weights do not get less
precise even though we account for skew and kurtosis is related to the way we compute these moments
from a two-state mixture model. As can be seen from the time-series in figures 2-4, these moments are
well behaved without the huge spikes and sampling variations typically observed when such moments are
estimated directly from returns data using rolling or expanding data windows. Second, as we saw in Table
3, the two-state model captures many properties of the returns data far better than the single-state model
and so reduces one source of noise due to misspecification. Third, and related to this point, the effect of
conditioning on states captures more of the return dynamics and means that at least some of the parameters
are more precisely estimated compared to the single-state model. Again this reduces the standard error bands
on the portfolio weights under the two-state model.

An alternative way to address the effect of parameter estimation error that directly addresses its economic
costs is to compute the investor’s average (or expected) utility when the estimated parameters as opposed
to the true parameters are used to guide the portfolio selection. To this end, Panel A of Table 10 reports the
outcome of a Monte Carlo simulation where returns were generated from the two-state model in Table 2. In
these simulations, the parameter values were assumed to be unknown to the investor who had to estimate
these using a sample of the same length as the actual data before selecting the portfolio weights assuming
either a 1-month or a 24-month investment horizon. For comparison, we also report results for alternatives
such as using the single state model (7) or adopting the ICAPM weights (i.e. each region is purchased in
the proportion that it enters into the global market portfolio).

Even after accounting for the effect of parameter estimation errors, the two-state model produces the
highest certainty equivalent return and the highest average wealth at both the 1-month and 24-month
horizons. Furthermore, the improvements are meaningful in economic terms, suggesting an increase in the

certainty equivalent return of about two percent per annum.
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5.3. Out-of-Sample Portfolio Selection

Econometric models fitted to asset returns may produce good in-sample (or historical) fits and imply asset
allocations that are quite different from the benchmark ICAPM portfolio. However, this is by no means a
guarantee that such models will lead to improvements in ‘real time’ when used on future data. This problem
arises, for example, when the proposed model is misspecified. It could also be the result of parameter
estimation error as discussed previously.

To address both concerns, we next explored how well the two-state model performs out-of-sample through
the following recursive estimation and portfolio selection experiment. We first used data up to 1985:12 to
estimate the parameters of the two-state model. Using these estimates, we computed the mean, variance,
skew and kurtosis of returns and solved for the optimal portfolio weights at 1-month and 24-month horizons.
This exercise was repeated the following month, using data up to 1986:1 to forecast returns and select the
portfolio weights. Repeating this until the end of the sample (2005:12) generated a sequence of realized
returns from which realized utilities and certainty equivalent returns were computed.?

Results are shown in Panel B in Table 10. Again the two-state model came out ahead of the single-state
model and ICAPM specifications in realized utility terms and for both investment horizons.?> For example,
at the 1-month horizon, the certainty equivalence return of the two-state model was two percent higher than
under the single-state model while it exceeded that of the ICAPM by 80 basis points per annum. Results
were very similar at the 24-month horizon. Since this experiment does not assume that the two-state model
is the ‘true’ model—realized returns are computed using actual data and not simulated returns—and since
the sample (1986-2005) covered several bull and bear markets, this experiment provides an ideal way to test

if the two-state model can add value over alternative approaches.?

5.4. Rebalancing

To keep the analysis simple, so far we have ignored the possibility of portfolio rebalancing. We next relax
this assumption and allow the investor to rebalance every ¢ = % months at B equally spaced points ¢,
t+ %, t+2L . t+ (B — 1)%. This requires determining the portfolio weights at the rebalancing times wy
(b=0,1,...,B—1). Cumulated wealth can be factored out as a product of interim wealth at the rebalancing
points:

B
Wit (wp—1)

Wir = )
i1 Wetp-1) (wp-2)

(31)

where
Wiy ob(wp-1)

Witov—1)(Wp—2)

= {(1 — Wj_1h) €XPp (R:)o(bfl)Jrlﬂ(pb) +wj_g exp (Rfa(bq)ﬂwab)} J

24Tn this experiment we updated all the parameters once a year while the state probabilities were updated each month using

the Hamilton-Kim filter (see Hamilton (1990) for details).
25 An investment strategy based on the two-state model fails to produce the highest out-of-sample mean return which is now

associated with the ICAPM. However, the ICAPM portfolio weights also generate return volatilities that are 2-3% higher than
the portfolio associated with the two-state model. This explains why the two-state portfolio attains higher realized utilities and

certainty equivalent returns.
26 An analysis of the time-series of recursive portfolio weights showed that the home bias implied by the two-state model has

been very persistent over time, oscillating between 65 and 70 percent. This matches the fact that the international exposure
US investors achieve through their holdings of domestic stocks has been increasing over time and supports the finding that a

considerable home bias is optimal (see Thomas et al. (2004)).
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— b —
and pr(bfl)ﬂﬂpb = rf+<p(b71)+1 + r§+w(b71)+2 +.t rergob’ Rw(bfl)ﬂﬂpb = Thitp(b—1)+1 T Tht+e(p-1)+2 T
<o + Tt yop are the cumulated risky and riskless returns between periods ¢(b— 1) + 1 and ¢b. By the law of

iterated expectations, the following decomposition holds:

B n
H ( Wit ob(wWp—1) )
i1 \ W1y (wp-2)

E {(Wt—l—cp(wt))n Erye [(%)n Ety2, (<%)" )] }

Mt(j:)T = Et[Wtr«LkT] =k

= M (w0) B { MU 5 (1) B [MIT) g (w2) Bz (MET g (w5).) | } (32)
where ;| ;-1 [] is shorthand notation for £ [-|.7:t+<p(b_1)] and M(,(o?lzfl)ﬂgob(wb_l) is the n-th (noncentral)

moment of the cumulated portfolio returns between ¢t + ¢(b — 1) + 1 and t + b, calculated on the basis of
time t 4+ (b — 1) information:

(n) _ Wisgb(@b-1) )n]

= BEiop-1) {((1 — Wj_1Lp) €XP <R$(b—1)+1—><pb) + wh_y exp (R:o(b—l)—&—l—npb))n} :

The decomposition in (32) shows that future moments of wealth depend on future portfolio choices, wy.
We use the following recursive strategy to solve the asset allocation problem under m-moment preferences

and rebalancing:

1. Solve the time T" — ¢ problem

m
wp_1 = arg gga% Z kn(0)Er—y [M}n_)w_)T(wB_l) .
" n=0

Here ET—go [-] is shorthand notation for F [-|Fr_,] calculated on the basis of the filtered state proba-
bilities for time T — (.

2. Solve the time T' — 2¢ problem

WRB_9 = arg max Z E’T,Q@ [Af*l(e)M}’?sz,@(qu) )
wp-2 £

where A\21(9) E’in(a)ET—cp[Mj(“n_)(p_)T(‘bB—l)] and EAT_GD[MT(«n_)%_)T(GJB_l)] is the n-th moment of the

optimal wealth process calculated under the solution found in 1.27

3. Solve the problem backward by iterating on steps 1 and 2 up to time t + ¢, to generate a sequence
of optimal portfolio choices {GJZ}ZB: El. The optimal time ¢ asset allocation, wg = wy, is then found by

solving
— 3 (n)
wo = arg max 50 Ly [AZ(G)Mt_)tw(wo)]

where
AL(0) =k (0)Err oMY,y o, (wi)]. (33)

?"Maximizing Er_a2,[AZ1(6) M;”BWHTf o(wp-2)] implies that the conditional correlation between optimal wealth at time

T — 2¢ and portfolio returns between T' — ¢ and T affects portfolio weights.
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Table 11 reports optimal portfolio weights for two investment horizons (7" = 6 and 24 months) and
various rebalancing frequencies (¢ = 1, 3, 6, 12 months and ¢ = T, the buy-and-hold benchmark of Tables
4 and 6). In these simulations, the US interest rate is set at its mean. As already noted in the literature,
rebalancing opportunities give investors incentives to exploit current information more aggressively. This
effect is stronger when rebalancing occurs more frequently, i.e. when ¢ is small. Stock allocations under
rebalancing are large and always exceed 60% of current wealth. Starting from the bull state, even at short
horizons the allocation under frequent rebalancing (¢ = 1 and 3 months) differs significantly from the buy-
and-hold results as the investor attempts to time the market by shifting the portfolio towards Pacific stocks
and away from US and UK equities.

However, starting from the bear state or assuming that the initial state is unknown (i.e. adopting
steady-state probabilities), very frequent rebalancing (¢ = 1 and 3 months) increases the allocation to US
stocks for long horizons (T' = 24 months), while Japanese stocks also emerge as an attractive investment.
For all possible values of ¢ this implies an even greater allocation to US stocks than under the buy-and-hold
strategy. In fact, under frequent rebalancing a US investor with four-moment preferences and a long horizon
should hold even more in US securities than under no rebalancing. For example, for T' = 24, almost 100%
of wealth goes into domestic securities, comprising between 60% and 85% in stocks (only 8-12% of total
wealth goes into foreign stocks). All told, regime switching combined with preferences that reflect aversion
against fat tails and negative skew seem to explain the home bias under a range of assumptions about the
rebalancing frequency, especially when investors have little information about the current state (and thus

adopt steady state probabilities), which seems to be a plausible assumption.

6. Conclusion

Do regimes or higher moment preferences explain the home bias? The answer seems to be that both play
a role. In the absence of regimes, our estimates suggest that a US investor with mean-variance preferences
should hold only 30% of the equity portfolio in domestic stocks—less than the US weight in the global
market portfolio. Allowing for regimes but maintaining the assumption of mean-variance preferences, the
allocation to domestic stocks rises to 50% of the equity portfolio. Introducing both regimes and four-moment
preferences, the allocation to US stocks rises further to 70%, a figure that, while not explaining the entire
home bias, gets much closer to the actual data.?®

Intuition for our finding that US investors should hold a considerably higher proportion of their stocks
in domestic equities than under mean-variance preferences comes from the attractive properties that US
stocks have for an investor who—besides being risk averse—prefers positively skewed (asymmetric) payoffs
and dislikes fat tails (kurtosis). Like Bekaert and Harvey (1995)—who argue that the sources of risk may
change when equity markets move from a state of segmentation to a state of integration—we find that
risk exposures (covariance, co-skew and co-kurtosis risk), the price of these risks and deviations from the
asset pricing restrictions implied by a cubic model for the stochastic discount factor (the alphas) all vary
strongly with an underlying state that reflects bull and bear markets and tracks the world business cycle.
The correlation of US stock returns with the volatility and skew of the global market portfolio is modest

(particularly in the bear state). In addition US stocks have desirable co-movement properties with respect

2For example, Cai and Warnock (2004) estimate US investors’ foreign equity holdings at 24% when the foreign exposure of

US firms is taken into account.
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to future domestic short-term interest rates, thus increasing their weight in the portfolio of a US investor
with skew and kurtosis preferences.

An interesting issue that goes beyond the analysis in the current paper is whether our results extend to
the home bias observed in investors’ equity holdings in other countries. One may conjecture that—because
stock and bond markets in the same economy are more likely to be “in phase” than are markets across
national borders—the finding that stock returns in one country have attractive co-moment properties with
national short-term rates extends beyond our analysis for the US. This would contribute to explain the

international evidence of a pervasive home bias in stock holdings.?’

Appendix A: Proof of Proposition 1

This appendix derives Proposition 1 and shows how to extend the results to include autoregressive terms
in the return process. To derive the n-th moment of the cumulated return on the risky asset holdings in the

general case with multiple risky assets (h) and states (k), notice that

Ey [(wiexp (Riy7))"] = Ei Z...Z)\(nl,ng,...,nh)(wl X . X wph)x

ni=1 np=1

T ni T nh
exp (Z r,}+z~) .. X €XP (Z TfH) ] . (A1)
1=1

i=1

where the powers 0 < n; < n (i = 1, ..., h) satisfy the summing-up constraint Z?Zl n; = n and the coefficients

A are given by
n!
)\(nl, T2, ..oy nh) =

n1!n2! nh!'
ri; (i =1,..,h) represent the one-month return on asset i, ri,;, = i ; +r7,,. The sum in (A1) involves
(htrfl) terms and requires solving for moments of the form

T ni T np
Mt(+)T(n1,n2, .np) = Ej|exp (Z rgﬂ-> X ... X €Xp (Eriﬁrz) ]
i=1 i=1
h T
B . (z . Z%)] (A2)
=1 1=1
(A2) can be decomposed as follows
k
Mt(i%"(nlan27”'a Z t+T nlan27 h)a (Ag)

where for i = 1,..., k,

M(?_)FT(nl,ng, wonp) = Ey

2y

T
exp (Z ny Zﬂlm) |Ser = l] Pr(Spir = i).

=1 =1

29We are grateful to an anonymous referee for pointing our attention in this direction.



Each of these terms satisfies the recursions

k h
Mi(’?_)FT(nl,ng,...,nh) = ZM; t)+T 1(n1,m2,...,np) By [exp (anriJrT) |Sttr :Z',}"t] Dgi
g=1 =1
i il
) N p (zm+zznm ) (A9
g:l =1 u=1

where [i;; is the mean return of asset [ in state ¢ (possibly inclusive of risk premia related to covariance,
co-skewness and co-kurtosis) and o;, = efQieu is the covariance between ry+7 and ry4+7 in state ¢ = 1,
., k. This is a generalization of the result in (19).

Finally, using (A1) and (A2), we get an expression for the n—th moment of the cumulated return:
By [(wexp (Ri,7))" Z Z A(n1, 12, ooy ) (@00 X e X WM (n1, cymp). (AB)
n1=0 np=0

Expected utility can now be evaluated in a straightforward generalization of (23):

EU™ (Weer;0)] = waD— ) I CEW )

_ Zﬁnz sy J(j) z]: (Z)Et[(w; exp (Riyr))'] (1~ when)exp (70) )

=0

Inserting (A5) into this expression gives a first order condition that takes the form of an m — 1th order

polynomial in the portfolio weights.

Generalizing the results to include autoregressive terms is straightforward. To keep the notation simple,

suppose k = 2. Using (24) the n-th noncentral moment satisfies the recursions

2

~ n
Mz(?—)i—T = Mi(gJ)rT_l(n)pii exp | nj; +nzbj,z’Et[7”t+T_j] 4 7012 n
j=1
(n) L n?
+M rar—1(n)(1 —p—i—;) exp | nji; + nz bjiEriir—j] + 5
j=1
or
M(n) = ~(n)]w(") ~(n)]w(n)
L1 = &1 My +51 2t
( )
MQ(?;Ll = M + 52 2 t)a
where now
z(n) n?
&7 = puexp (np+n) b Bl + o 71
j=1
»(n) P n2
Bi7 = (L—pa)exp | nuy + ”ij,lEt[TtJrT—j] + 70%
j=1
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n2

Eén) = (1 —p11)exp | nuy +nzbj,2Et[rt+T—j] + 70%
j=1

~(n) p 7”1,2

B2’ = paexp | nup+n Z bjoEy[riyr—j] + 70%

j=1
Subject to these changes, the earlier methods can be used with the only difference that terms such as

exp (nﬂi + %20?) have to be replaced by

p 2
~ n
exp  njt; +n Y bjiBilreir ]+ 701‘2
i=1

The term Z§:1 bj i E¢[ri+7—;] may be decomposed in the following way:

p
> bjiElrer—g) = Igsmy Y (Igsrybiarisr—j + IgerybiiBilriyr ) |

j=1 j=1
where Ey[rii1], ..., Et[rerr—1] can be evaluated recursively, c.f. Doan et al. (1984):
P
Bifrepa] = ([ + Y bjarej |+ (L=m10) [ iz + > bjare
j=1 j=1
p p
Eilriys] = mPey | iy + Y bjaEilrial | + (1 —mPer) [ fis+ Y bjoEilrer]
j=1 j=1
p p
Eilripr] = mP e [ g+ bjaEilrer o) | + (1 —mP" ler) | o+ Y bjoEilripr ol
j=1 j=1

Appendix B: Estimation

This appendix describes the econometric methodology used in estimating the model (8). Defining ng,
as a vector of residuals in state S;11, the contribution to the log-likelihood function conditional on being in

state Sy11 at time ¢ + 1 is given (up to a constant) by:

1 1 _
lnp(Yt+1 |ft’ St+17 A) X _5 1n |Qst+1 | - 517}/9754,195;:,1 nst+1’

where A ={¢,, Qs, P}*_; collects the mean (¢), variance (£2) and transition probability (P) parameters of
the model (8). The expected value of the log-likelihood employed by the EM algorithm is maximized by
choosing the parameters X! in the [ 4 1 iteration to satisfy (see Hamilton (1990, p.51)):

T

k
81]:1 F;S U
Z Z p Yt+1| b2 ) p(St+1‘}’2aY37 "'7yT;Al) - 0’ (Bl)
= 1St+l ) )\:Al+1
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where {p(S¢+1|y2,¥3, .., Y73 )\l)}lgtﬂzl are the smoothed state probabilities for each of the k states. Letting
y=[yy ¥s . ypl and n =[] 0 ... n}], it is useful to re-write the log-likelihood as:

k T k
1 Y 1 ! (5 -1
é(Ylv“'aYT‘(s) X _Eszlln‘ﬂs‘;p(st+l7)‘)_EZTIS(ES(EQQS )77s

s=1

k T
_ 1 Y 1 a7 —1
= —§;1nlns|;p<st+1,x)—§nw n

where
7 el el @y ®In
Zo e ey, aly
Z = ) ZZE [ ! 2]
Z e} e; @y 1] ® Ly
T o) o
W l= :
O f;k@)Q]:l

Yi=diag{p(s2 = i;\),p(s3 = i; XI), ...,p(sp = i; A")}.

The EM updating equation for the transition probabilities is based on the smoothed state probabilities
and can be found in equation (4.1) of Hamilton (1990, p. 51). Filtered state probabilities are calculated as

a by-product. The first order conditions for the mean and variance parameters, ¢ and €2, are:

On (ylo)

1 ~Ixx7—1
= —— W ‘'Z= B2
96 —3 0 (B2)
T
1 1 R 1 - R
an;Ty”‘s = -3 E j (Serr = s AN+ 08B0 0 s =12k, (B3)

where &, = [(y2 — Zsy—i®)' (y3 — Ziss—i®)' ... (yr — Zg,—i})']" are the residuals in state s and W1 is a
function of {Q2,}*_,. Equation (B2) implies that ¢ ™ is a GLS estimator once observations are replaced by

their smoothed probability-weighted counterparts:

(’ﬁl+1 _ (Z/Wflz)flz/wfl(l/k ® y) (B4)

Similarly, (B3) implies a covariance estimator

__ ENE (B5)
ey p(Sipas AY)

~

S

g?)lﬂ and {QLF1}5_ | must be solved for jointly since &, enters the expression for the covariance matrix
and also depends on &5 +1, while the regime-dependent covariance matrices {le+1}’§:1 enter (B4) via w1
Hence, within each step of the EM algorithm, (B4)-(B5) is iterated upon until convergence of the estimates
¢ and (O,

Finally, notice that (B2) defines ) from

MNi+1 = Yit+1 — ﬁSHl - B8t+1yt =Yi+1 — K5, — MStUeC(TStJrl) - B8t+1yt>
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so that E[y11|F:, St] enters Mg, vec(Y;), while Mg, vec(Y;) also affects E[yi+1|Ft, St], creating a non-linear
system of simultaneous equations. For instance, computing Cov[xs41, x}éﬁﬂ}}, Sy requires knowledge of the
first h elements of E[y;y1|Ft, St]. To make estimation possible, within the (I+1)th step of the EM algorithm
we use an iterative scheme by which Mg, vec(Y;) is first estimated using the values in E[y+1|F:, Sy] from the

~ ~

. .. . 1 .
previous optimization step, E[y:+1|F:, St; ¢ |. New values of Ely;y1|Ft, St; ¢ - | are then computed using

~

estimates of Mg, vec(Y;) that employ Ely;+1|Ft, St; ¢ |. We then proceed iteratively until convergence.
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